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Abstra
t

This PhD thesis is fo
used on modeling and 
ontrol of multi-arm systems

equipped with roboti
 hands. Multi-arm systems have had a huge expansion

during the last years in a very wide and heterogeneous range of �elds, su
h

as industry, surgery, and spa
e appli
ations.

In industrial environments, robots are 
urrently employed in su
h a way

to improve the produ
tivity and the quality of te
hnologi
al pro
esses. The

emergen
e of more sophisti
ated per
eption and 
ontrol systems allows to


onfer to the robot higher degrees of �exibility, dexterity and safety. This, in

turn, makes possible, not just a robot-human repla
ement but a more reliable

and e�
ient human-robot intera
tion. Indeed, it is now possible to design a

roboti
 working 
ell in whi
h a multi-arm system is 
apable to exe
ute several

tasks that involve a 
ertain grade of intera
tion with human 
oworkers.

Multi-arm systems are needed in surgery appli
ations to 
arry out non-

invasive, or minimally invasive, operations by resorting to laparos
opi
 te
h-

niques.

Regarding spa
e appli
ations, roboti
s has always played a key role in

terms of planetary exploration mission as well as servi
e intra/extra vehi
-

ular operations. In spa
e appli
ations, the tenden
y is that of using multi

arm systems having a high degree of dexterity: roboti
 hands are exploited

to a

omplish manipulation task in a very human-like fashion. The National

Aeronauti
s and Spa
e Administration (NASA) has been using a humanoid



robot 
alled Robotnaut 2 (R2) for a wide number of missions, in
luding

human-robot and robot-robot 
ooperation. R2 is a
tually a permanent mem-

ber of the International Spa
e Station's 
rew (ISS). The Deuts
hes Zentrum

für Luft- und Raumfahrt (DLR), Germany, has designed and realized a hu-

manoid robot, Justin, with high dexterity tendon driven hands, able to move

with high autonomy, by means of a suspended wheeled mobile platform.

The thesis is organized as follows:

• Chapter 1 introdu
es multi-arm system equipped with roboti
 hands,

with a detailed des
ription of modeling and 
ontrol 
hallenges; the

analysis is then fo
used on multi-arm systems employed for spa
e ap-

pli
ation.

• Chapter 2 deals with modeling of multi-arm systems equipped with

roboti
 hands, in terms of kineamti
s and dynami
s.

• Chapter 3 des
ribes a planner able to handle redundan
y in su
h a way

to guarantee multiple task ful�lling, by establishing a priority among

them, without violating me
hani
al and environmental 
onstraint; a

parallel for
e/
ontrol strategy is presented as 
ontrol law.

• Chapters 4 presents a 
ontrol ar
hite
ture, based on the 
on
epts of

dire
t for
e 
ontrol and impedan
e 
ontrol at obje
t level. The aim is

that of safely handle the obje
t while ensuring 
omplian
e in the 
ase

of an unexpe
ted 
ollision with the external environment.

• Chapters 5, di�erently from Chapter 4, 
onsiders ea
h arm/hand sys-

tem, not as a unique me
hani
al stru
ture but made up of two di�erent,

intera
ting, subsystems in whi
h the hand is for
e 
ontrolled, to a
hieve

a stable grasp, while the arm is 
ontrolled via an impedan
e 
ontroller,

so as to make the whole system 
ompliant.
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Chapter 1

Introdu
tion

Multi-arm systems 
onsist of two or more roboti
 arms whi
h are able to


ooperate, in a 
oordinate fashion, to a

omplish a given task. The arms


ould be mounted on di�erent separate platforms or on the same, whi
h, in

turn, 
ould be �xed or mobile. Multi-arm 
ooperative systems are usually

employed when 
omplex tasks should be performed with high pre
ision and

dexterity, and/or when large or heavy payloads are to be manipulated.

Multi�ngered roboti
 hands 
ould be modeled as multi-arm systems: ea
h

�nger 
an be treated, from a 
ontrol point of view, as a manipulator. The

main advantage of using a roboti
 hand as end e�e
tor, instead of 
lassi
al

grippers, is due to the possibility of grasping a very large number of obje
ts,

with arbitrary shapes, without any re
on�guration or tool 
hanging. A 
o-

operative system made up of multiple manipulators, equipped with roboti


hands, allows to a
hieve a high level of dexterity and �exibility.

1.1 Multi arm/hand systems

Servi
e roboti
s appli
ations are day by day in
reasingly relying on multi

arm/hand obje
t manipulation with multi-�ngered me
hani
al hands.

1



Chapter 1. Introdu
tion 2

The �rst issue is the 
omplex dynami
s of su
h systems: some mutual

e�e
ts must be taken into a

ount sin
e the dynami
s of one manipulator

a�e
ts the others through the grasped obje
t and/or the 
ommon mobile

base.

A multi arm system equipped with roboti
 hands, is often a kinemati
ally

redundant stru
ture. The redundan
y is generally a desirable feature for

a roboti
 system, sin
e it allows to exe
ute multiple tasks, arranged in a

suitable priority order.

There are two ways to exploit redundan
y:

• at the motion planning level, via suitably designed inverse kineamti
s

algorithms with task priority;

• at the 
ontrol motion level, via 
ontrol algorithms designed dire
tly

into the 
artesian spa
e.

The former solution is easier sin
e redundan
y is naturally de�ned at kine-

mati
 level and the planner 
an be tuned o�ine.

Exe
ution of grasping and manipulation tasks requires motion syn
hro-

nization of arms and �ngers, so as to guarantee the desired behavior of the

manipulation system and 
ontrol of the intera
tion for
es. More in detail, as


on
erns for
e 
ontrol, two level of intera
tion for
es should be 
onsidered:

• Conta
t for
es between the �ngers and the grabbed obje
t, whi
h 
an

be further 
lassi�ed in

� internal 
onta
t for
es, whi
h do not 
ontribute to obje
t's motion

and represent stresses applied to the obje
t (e.g., squeezing of the

obje
t);

� external 
onta
t for
es, whi
h generate the motion of the obje
t.

• Environmental intera
tion for
es, due to intera
tion between the obje
t

and the external environment.
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Internal 
onta
t for
es need to be 
ontrolled in order to make the grasp sta-

ble. As 
on
erns environmental intera
tion for
es, they should be always

minimized, enfor
ing a 
ompliant behavior of the manipulation system, un-

less they are fun
tional to the given task. The 
ontrol of external 
onta
t

for
es is not needed if the grasped obje
t does not 
ome in 
onta
t with

the external environment. The kind of systems 
onsidered in this thesis are

multi-arm systems equipped with roboti
 hands, mounted on a �xed base,

for spa
e appli
ations.

1.2 Spa
e roboti
s

Spa
e roboti
s deals with the design of arti�
ial systems that 
ould assist

human operators or repla
e them at all, both for the exe
ution of routine

operations or tasks in dangerous s
enarios. A way to a
hieve these obje
-

tives is that of developing and implementing spa
e roboti
 systems 
apable

of a

omplishing 
omplex tasks, su
h as parallel management, supervision

and exe
ution of experiments and extra vehi
ular a
tivities, with a 
ertain

degree of autonomy. Those kind of 
omplex s
enarios also require high dex-

terity: multi-arm systems equipped with roboti
 hands represent the perfe
t


andidate to ful�ll those requirements.

1.2.1 Intra-vehi
ular operation

The International Spa
e Station (ISS) gave an impulse to the design of roboti


systems devoted to the exe
ution of tasks inside orbiting stru
tures. The

obje
tive of su
h roboti
 systems is to guarantee the e�e
tive exe
ution of

s
ienti�
 experiments and maintenan
e tasks.

The referen
e me
hani
al stru
ture, adopted by several existing systems,

is 
omposed by two or more arms, even mounted on wheeled or legged bases,
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often equipped with roboti
 hands 
apable of performing manipulation tasks

in a human-like fashion. The arms are generally anthropomorphi
 with at

least 6 Degrees of Freedom (DOFs). If more then 6 DOFs are available,

the system is redundant and the redundan
y 
an be exploited to improve

dexterity and/or other suitable performan
e indexes.

In order to ensure high �exibility to the whole system, a roboti
 hand


ould be installed as grasping tool: a gripper needs to be re
on�gured or


hanged if the obje
t size and/or geometry 
hange, while a humanoid hand


an adapt its shape to grab a large number of bodies.

Extero
eptive sensors, i.e. sensors through whi
h a robot gets informa-

tion about the state of the external world, play a key role in human-robot

and robot-robot 
ooperation. Sin
e the roboti
 system should 
ooperate with


rew's members, sensing be
omes 
ru
ial to ensure safe human-robot inter-

a
tion: a vision system must be able to dete
t the presen
e of people in the

workspa
e and avoid them during task exe
ution, while for
e/torque sensors

are needed to make the manipulation system 
ompliant in the 
ase of an un-

expe
ted intera
tion or 
ollision. More in detail, visual systems allow robots

to a
hieve a high degree of �exibility and autonomy. As 
on
erns �exibility,

the roboti
 manipulation system be
omes able to work in an unstru
tured

environment, subje
t to 
hanges of the operating s
enario, and/or the state

of the surrounding of the environment. As 
on
erns autonomy, the a
tual

orientation is the so 
alled intera
tive autonomy : the roboti
 system is able

to a
tively intera
t with a human operator in the sense of a tight 
ooperation.

A humanoid robot, made up of a dual-arm system, equipped with roboti


hands, able to move via a mobile base, be
omes the natural 
andidate for

intra-vehi
ular a
tivities: it has an in�nite workspa
e, a high degree of redun-

dan
y, high dexterity, together with the possibility of manipulating obje
t in

the same way humans do, whi
h means, in turn, that the robot is able to use

tools (like hammers, handles, s
rews, et
.) designed for human operators,
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further enfor
ing the logi
 of tight human-robot 
ooperation.

1.2.2 Extra-vehi
ular operation

Roboti
 systems dedi
ated to servi
e a
tivities for orbiting systems are de-

signed to be installed on mobile platforms. Hen
e, su
h systems, 
alled FTS

(Flight Teleroboti
 Systems), are equipped with propulsion devi
es, like noz-

zles. FTSs 
an exe
utes many servi
ing tasks without being physi
ally 
on-

strained to the served orbiting stru
ture.

FTSs 
an perform operations of external maintenan
e, exploration to

a
quire information about the external environment, as well as small satel-

lites retrieving. In general, FTSs should a

omplish all those extra-vehi
ular

tasks, whi
h are extremely dangerous or impossible for for a human astro-

naut.

Due to the nature of the illustrated appli
ations, FTSs must have almost

the same dexterity of a human astronaut wearing the heavy suit, high grade

of lo
al autonomy, if they are teleoperated, or intelligen
e, if they are au-

tonomous. Again, a viable 
hoi
e is the use of a multi-arm system equipped

with roboti
 hands mounted on free-�ying or free-�oating platforms. One of

the main issue of this kind of robots is that the platform weight is of the same

magnitude of the manipulation system weight: when the arms are moving,

rea
tion for
es are transmitted to the �ying base. In a free-�ying solution the

vehi
le attitude is 
ontrolled, both when the system is moving and when it is

operating, by using the propulsion system. This solution is fuel 
onsuming.

In a free �oating 
on�guration, the attitude of the system is 
ontrolled only

when the system is moving: during the operation the mobile platform 
ould

�oat in the spa
e, the 
ontroller of the manipulation system should a
t in

su
h a way to minimize the for
es transmitted to the base. This solution is,

as it 
an be immediately re
ognized, fuel saving.
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1.2.3 Exploration

Exploring missions are aimed at a
quiring information, in order to a
hieve

a detailed knowledge of the solar system, by sending fully automated spa
e

systems on other planets. The obje
tive of su
h systems is that of gathering

all the elements needed to allow stable human permanen
e on extraterrestrial

lo
ations of the solar system, �rst of all the Moon and Mars.

The �rst e�ort for roboti
s is that of designing unmanned autonomous ve-

hi
les (rovers), 
apable to travel long distan
es in unstru
tured environments

and, at the same time, analyze the surrounding environment.

The se
ond e�ort is that of building highly dextrous manipulation sys-

tems, eventually multi-arm, to drill, 
olle
t samples and eventually re
overy

and/or repair the rover in the event of faults.

1.3 Examples of arm/hand manipulation sys-

tems for spa
e appli
ations

In the following an overview of some notable arm/hand manipulation systems

is 
arried out.

1.3.1 ROSED

The ROboti
 SErvi
ing Demonstrator(ROSED), shown in Figure 1.1, is a

roboti
 
ell set up at the Italian Spa
e Agen
y (ASI), in Matera. ROSED

o�ers a test environment for spa
e roboti
s. The 
ell is 
omposed of two CO-

MAU robots: a 6-DOFs SMART S2 anthropomrphi
 arm, with non-spheri
al

wrist, and a 6-DOFs SMART S4 anthropomrphi
 arm , with spheri
al wrist.
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Figure 1.1: The layout of the ROSED 
ell

Figure 1.2: The COMAU SMART 2 S, on the left, and SMART 4 S, on the

right side

Both the manipulators are equipped with a gripper and a for
e/torque

wrist sensor, in order to allow for
e 
ontrol, whi
h be
omes 
ru
ial in 
oop-

erative tasks.



Chapter 1. Introdu
tion 8

1.3.2 Justin

Justin [6℄ is a humanoid robot developed by the German Aerospa
e Center

(DLR): it is 
omposed by two light-weight arms and two four-�ngered dex-

terous hands. Photoni
 Mixer Devi
e (PMD) sensors and 
ameras allow the

3D re
onstru
tion of the environment and make Justin able to perform tasks

autonomously. In order to extend Justin's workspa
e, a mobile platform 
ar-

ries the humanoid and allows it to lift up. The robot model is a tree-like

Figure 1.3: The DLR humanoid robot Justin

stru
ture with 3 bran
hes - the torso, the right and the left arm. The torso is


onne
ted via a �exible element to a mobile base, having 4 wheels atta
hed

to extendable legs. The mobile base has 3 DOFs for motion in the plane and

4 a
tive DOFs to extend the legs.

The arms 
onsist of 2 7-DOFs DLR-LWR-III [1℄ manipulators with inte-

grated torque sensors in ea
h joint.

As 
on
erns the hands, 2 four-�ngered DLR-Hand-II [7℄ are used in a
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Figure 1.4: The DLR Hand II mounted on Justin

right-handed and a left-handed 
on�guration. The DLRHand-II is equipped

with joint torque sensors and a 6-DOFs for
e/torque sensor at ea
h �nger

tip. Ea
h hand has 3 DOFs per �nger and a re
on�gurable palm, o�ering


on�gurations for power grasp and pre
ision grasp as well.

1.3.3 Robonaut 2

Robonaut 2 or R2 [21℄, is a dexterous humanoid robot built and designed in


ollaboration by NASA and General Motors (GM). It has been built to help

human workers or repla
e them in risky missions. R2 
an perform dexterous

manipulation using tools designed for human workers. R2 roboti
 system

in
ludes: optimized overlapping dual-arm dexterous workspa
e, elasti
 joint

te
hnology, miniaturized 6-axis load 
ells, redundant for
e sensing, ultra-high

speed joint 
ontrollers, high resolution 
amera and Infra-Red (IR) systems.

The humanoid is 
omposed of two 7-DOFs arms, two 12-DOFs hands, a 3-

DOF ne
k and a single DOF waist, the system in
ludes 50 a
tuators with

low-level joint 
ontrollers embedded throughout. The system also integrates

built-in 
omputing and power 
onversion inside its ba
kpa
k and torso.

As 
on
erns the manipulation system, 5 DOFs of ea
h arm 
ome with



Chapter 1. Introdu
tion 10

Figure 1.5: The Robonaut 2 built by NASA and GM

the upper arm: brushless DC motors are used to drive the system together

with elasti
 elements. The use of series elasti
 a
tuation have been shown

to provide improved sho
k toleran
e, bene�
ial energy storage 
apa
ity and

a means for a

urate and stable for
e 
ontrol, via the 
ustom planar torsion

springs integrated into ea
h arm a
tuator.

The �ve-�ngered, 12 DOF hand and the forearm form a 
ompletely self-


ontained unit: the �ngers are divided into a dexterous set, used for manipu-

lation, and a grasping set, used to maintain stable grasps while working with

large tools. The dexterous set 
onsists of two 3-DOF �ngers (the index and

middle) and a 4-DOF opposable thumb. The grasping set 
onsists of two 1-

DOF �ngers (the ring and little �ngers).

1.3.4 Dextre

Dextre [19℄ is made up of a headless torso, �tted with two 3.35 meters, 7

DOFs, roboti
 arms. The 3.5 meters long body has a grapple �xture at one

end that 
an be grasped by the larger Spa
e Station Arm, 
alled Canadarm2,
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Figure 1.6: Robonaut's hand

(whi
h is is 17.6 meters long 7-DOFs, fully a
tuated, roboti
 arm): it allows

Dextre to be positioned at the various Orbital Repla
ement Unit (ORU)

worksites around the Spa
e Station. The other end of the body has an end

e�e
tor identi
al to that of Canadarm2, allowing Dextre to be stored on

Spa
e Station grapple �xtures. At the end of Dextre's arms are ORU/Tool

Changeout Me
hanisms (OTCMs). The OTCM has built-in grasping jaws, a

retra
table so
ket drive, a mono
hrome TV 
amera, lights, and an umbili
al


onne
tor that 
an provide power, data, and video to/from a payload. The

lower body of Dextre has 2 orientable 
ameras with lights, a platform for

stowing ORUs and a tool holder. SARAH (Self-Adaptive Roboti
 Auxiliary

Hand) is a hand atta
hed to the end of Dextre's arm. SARAH [57℄ is a

re
on�gurable hand with three self-adapting and orientable �ngers. Ea
h of

the �ngers has three independent phalanges automati
ally adapting to the

shape of the grasped obje
t. An additional DOF is provided to rotate the

�ngers, to better mat
h the general geometry of the obje
t. SARAH in
ludes
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Figure 1.7: The Dextre roboti
 manipulation system

only passive me
hanisms that are a
tuated by the OTCM.

1.3.5 Ranger 8-DOFs Dextrous Spa
e Manipulator

Ranger [46℄ is designed for on-orbit servi
ing of spa
e
raft and satellites,

and, more in general, for task requiring multiple manipulators to grapple

a satellite or 
omponent, provide video feedba
k to operators and perform

tool-based operations on 
omponents being servi
ed. The robot 
onsists

of a 
entral body, whi
h houses the main 
omputers and all the ele
troni
s

and serves as a base platform for the manipulators. Ranger has two 8-DOFs

dexterous manipulators for obje
t manipulation and a 7-DOFs manipulator


arrying the vision system. It also has a 6-DOFs positioning leg that an
hors
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Figure 1.8: The SARAH roboti
 hand

it to a �xed base, whi
h 
ould be modi�ed to enable grappling or do
king to

a spa
e
raft.

1.3.6 ETS-VII

The ETS-VII [32℄, or Engineering Test Satellite No. 7, is a satellite devel-

oped and laun
hed by the National Spa
e Development Agen
y (NASDA) of

Japan. The ETS-VII is equipped with a 2 meters long roboti
 arm, whi
h


an be used to 
arry out rendezvous and do
king tasks, as well as dexterous

manipulation, by using the Advan
ed Roboti
 Hand of the Japan Ministry of

International Trade and Industry (MITI) [47℄. It was the world's �rst satel-

lite to be equipped with a roboti
 arm, and also the �rst unmanned spa
e
raft

to 
ondu
t autonomous rendezvous and do
king operations su

essfully. The
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Figure 1.9: The Ranger roboti
 manipulation system

satellite was 
ontrolled remotely by a ground station. Communi
ation be-

tween the onboard robot system and the ground 
ontrol system is a
hieved

by using a data relay satellite (NASA's TDRS) in the geo-stationary Earth

orbit.

1.4 Related work

It has been re
ognized that many tasks are very di�
ult, or even impossible,

to be a

omplished by using a single robot, while they be
ome feasible if

more than one manipulator are involved in a 
ooperative way. Su
h tasks

may in
lude manipulation of large or heavy payloads, grasping obje
ts and

assembly of multiple parts. The use of 
ooperative manipulators often re-

quires the adoption of tools and/or grippers designed ad ho
 for the spe
if

task they are involved in. This low �exibility 
an be over
ome by using
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Figure 1.10: The ETS-7 arm mounted on satellite

roboti
 hands as grasping tools, for two main reasons: a roboti
 hand 
an

adjust itself to a wide number of obje
t shapes, without the need of any

re
on�guration, and it 
an handle tools designed for human operators. The

latter 
onsideration be
omes more important, when spa
e mission should be

performed: it is impossible, due to spa
e and/or payload limitation, to 
arry

all the possible spe
ialized tools that 
ould be required.

In the literature there are several works dealing with 
ontrol of multi-arm

systems [8, 10, 4, 5℄ or roboti
 hands [31, 36, 52℄, but none of them is fo
used

on 
ontrol of multi-arm systems equipped with roboti
 hands; moreover, only

a few works have 
onsidered the kinemati
 redundan
y of su
h systems and

the possibility to adopt redundan
y resolution approa
hes with task priority,

whi
h has been su

essfully applied to roboti
 manipulators [2℄ and visual

servoing [34℄.



Chapter 1. Introdu
tion 16

When a 
ooperative multi-arm system is employed for the manipulation

of a 
ommon obje
t, it is important to 
ontrol both the motion of the obje
t

and the internal for
es not 
ontributing to the obje
t motion, a
ting as inter-

nal stresses. A suitable de�nition of the parmetrization of for
es/moments

on the obje
t has been re
ognized to be helpful in a
hieving these goals.

For
e de
omposition, studied by U
hiyama and Dau
hez [68, 69℄, Walker et

al. [70℄ as well as Bonitz and Hsia [4℄, suggests that a geometri
ally 
lear

parametrization of the internal for
es/moments a
ting on the obje
t is a key

issue; Williams and Khatib have given a solution to this [71, 59℄.

Re
ent 
ontrol framework for 
ooperative systems is the so-
alled syn-


hronization 
ontrol [67, 56℄; in this 
lass of approa
hes the 
ontrol problem

is formulated in terms of suitably de�ned errors, a

ounting for the motion

syn
hronization between the manipulators involved in the 
ooperative task.

As for the nonlinear 
ontrol of 
ooperative manipulation systems, e�orts have

been spent on intelligent 
ontrol (see, e.g., [33℄ and [24℄, where fuzzy 
ontrol

is exploited to 
ope with unmodeled dynami
s, parametri
 un
ertainties and

disturban
es) as well as on the investigation of 
ontrol strategies in the pres-

en
e of partial state feedba
k [23℄. Other approa
hes, rely on impedan
e 
on-

trol in order to keep intera
tion and 
onta
t for
es bounded. More in detail,

when the held obje
t intera
ts with the environment, large 
onta
t for
es may

arise if the planned traje
tory is not 
onsistent with the geometry of the envi-

ronment. In order to a
hieve bounded 
onta
t for
es, an impedan
e behavior


an be enfor
ed between the obje
t's position/orientation displa
ements and

the 
onta
t for
e/moment (external impedan
e). On the other hand, even

when the obje
t/environment intera
tion does not take pla
e, the intera
tion

between the manipulators and the obje
t may lead to internal for
es and mo-

ments, whi
h may 
ause damage to the system and overloading of the a
tua-

tors. To 
ountera
t building of large values of internal for
es, an impedan
e

behavior 
an be enfor
ed between the position/orientation displa
ements of
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ea
h manipulator and the end-e�e
tor for
e/moment, 
ontributing solely to

the internal loading of the obje
t (internal impedan
e). The two impedan
e

approa
hes have been applied separately [61℄,[5℄ while in [11℄, by following

the guidelines in [9℄, they have been 
ombined in a unique 
ontrol framework,

aimed at 
ontrolling both the 
onta
t for
es due to the obje
t/environment

intera
tion (external impedan
e) and the internal for
es due to the manipula-

tors/obje
t intera
tion (internal impedan
e). Papadopoulos and Moosavian

fo
used on modeling and 
ontrol of free �ying 
ooperative robots [49, 41℄ for

spa
e operation like satellite 
hasing and repair. Sabelli at al. [58℄, designed

a 
ontrol strategy to dynami
ally sele
t the impedan
e parameters of multi-

arm spa
e manipulators. A key issue in roboti
 grasping is 
ontrolling the

for
es arising from the 
onta
t between the �ngertips and the grasped ob-

je
t, in su
h a way to prevent slippage and/or ex
essive stresses. At the same

time, 
oordination of arms and �ngers motion must be ensured to a
hieve

tra
king of the planned traje
tory of the obje
t. On the other hand, in the

�eld of obje
t manipulation via multi-�ngered hands the fo
us has been put

on manipulability analysis [3℄ and 
onstrained kinemati
 
ontrol [25, 40℄.

Impedan
e 
ontrol [26, 27℄ is one of the most adopted 
ontrol laws for

robot manipulators in 
onta
t with the external environment. The same

approa
h has been, in turn, employed in obje
t manipulation with multi-

�ngered hands. An impedan
e 
ontrol approa
h for an arm-hand system is

presented in [44℄. The passivity property of impedan
e 
ontrol is used in [65℄

to design an Intrinsi
ally Passive Control (IPC), that 
an be used both in

free spa
e (i.e., when the �ngers approa
h the obje
t) and for grasping (the

�ngers apply for
es to the obje
t). In detail, a virtual obje
t is de�ned,

whi
h is 
onne
ted to ea
h �nger via a variable rest length spring, and to

a virtual point via another spring; all the springs are 6-dimensional spatial

springs [8, 66℄. Further developments of IPC 
ontrol for grasping 
an be found

in [72, 73℄. An impedan
e 
ontrol s
heme is adopted also in [60℄, 
ombined
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with an algorithm for grasp for
es optimization, that allows the exe
ution of

di�erent phases of a manipulation task, in
luding the re-grasping one.

However the exe
ution of obje
t grasping or manipulation requires 
on-

trolling also the intera
tion for
es so as to ensure grasp stability [48℄. To

this end, an alternative to the impedan
e 
ontrol 
ould be the adoption of

a hybrid for
e/position 
ontrol [54, 63℄, espe
ially if for
e and position are

measured and the 
orresponding 
ontrol a
tions are properly de
oupled. The

approa
h proposed in [43℄ starts from the 
onsideration that the for
e on the

�ngers 
an be seen as the sum of two orthogonal 
omponents: the manip-

ulation for
e, ne
essary to impose obje
t motion, and the grasping for
e,

ne
essary to ful�ll fri
tion 
one 
onstraints. An alternative approa
h based

on feedba
k linearization is proposed in [20℄. A de
entralized 
ontrol law is

proposed in [55℄, where ea
h �nger is independently 
ontrolled via a hybrid

for
e/position 
ontrol s
heme.

1.5 Obje
tives of the thesis

The 
ontribution of this thesis rely on the development of a 
ontrol frame-

work for multi-arm systems equipped with roboti
 hands. The 
ontrol frame-

work will ensure kinemati
 redundan
y resolution [12℄, via task sequen
ing

te
hiniques and 
ontrol of internal and external for
es, as well as intera
tion

for
es limitation, via impedan
e 
ontrol.

The �rst e�ort to a
hieve those goals is modeling: kinemati
 and dynami


models have been devised by 
onsidering ea
h arm/hand system as a tree-

stru
tured open 
hained manipulator.

As 
on
erns redundan
y, several tasks, not always 
ompatible, have been


onsidered: they are aimed at tra
king of the planned traje
tory for the ob-

je
t, improving dexterity and ensuring grasp robustness. Those tasks have

di�erent priorities and 
ould be dynami
ally dea
tivated and/or a
tivated.
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Beside tasks, some 
onstraints, either me
hani
al (e.g., joint limits) or en-

vironmental (e.g., arising from workspa
e sharing with other robots or hu-

mans), have been taken into a

ount. Sin
e the 
onstraints must be always

satis�ed, when a task is responsible to bring the system 
lose to violate one

or more 
onstraints, it is dea
tivated, and rea
tivated as soon as the system

is judged far from any dangerous 
on�guration. Suitable metri
s are de�ned

in order to perform su
h dea
tivation and rea
tivation a
tions.

A �ne internal for
e 
ontrol is needed in order to a
hieve a stable grasp:

that be
omes more 
hallenging when �ngers should slide on the obje
t sur-

fa
e in su
h a way improve grasp stability. A non-model-based parallel

for
e/position 
ontroller has been 
onsidered, the stability of 
losed-loop the

system has been theoreti
ally proven [13℄. A model-based dire
t for
e 
on-

troller has also been used, by assuming knowledge of the dynami
 model of

the overall system.

In order to optimize the quality of the grasp, a set of virtual for
es is

introdu
ed. Those �
titious for
es a
t in su
h a way to rea
h the desired

value when a suitable de�ned 
ost fun
tion, asso
iated to some performan
e

indexes, is minimum; a theoreti
al 
onvergen
e of su
h algorithm has been

also proven.

The impedan
e 
ontroller is in 
harge of 
omputing the external for
es

referen
es to impose the desired dynami
s to the obje
t (
omplian
e in 
ase

of intera
tion, a

urate tra
king features otherwise).

A total di�erent approa
h is that of 
onsidering arm and hand separately.

The hand is 
ontrolled in su
h a way to a
hieve the desired internal 
onta
t

for
es, while the arm is made 
ompliant by adopting an impedan
e 
ontroller.

The for
es to be taken into a

ount in the arm 
ontrol law are those a
ting

on the wrist, net of the dynami
 
oupling e�e
ts due to the presen
e of the

hand and the grasped obje
t. The model of the 
oupling e�e
ts has been

expli
itly 
omputed by 
onsidering, instead of the whole arm/hand system,
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a dynami
ally equivalent one, made up by the same roboti
 hand, able to

freely move in 3-D spa
e, on whi
h the a
tion exerted on it by the arm is

in
luded trough an external wren
h a
ting on the wrist. This wren
h is the

same ex
hanged between the arm and the hand whi
h vanishes, by virtue of

the se
ond fundamental law of dynami
s, in an overall formulation.



Chapter 2

Modeling

This 
hapter deals with modeling of multi-arm systems equipped with roboti


hands: su
h 
omplex systems are thought as tree-like stru
tures sin
e hands

are generally multi�ngered.

The forward kinemati
s has been derived in order to relate joint 
on�g-

uration to operational spa
e 
on�guration. Di�erential kinemati
s, i.e. the

map between joint velo
ities and 
onta
t twists, of the whole system has

also been 
omputed. At this point, 
onta
ts kinemati
s has been analyzed

to establish a relation between joint velo
ities and grasped obje
t twist.

Following the Lagrangian approa
h, the dynami
 model of an arm/hand

system has been derived, as well as, a spe
i�
 model of a roboti
 hand

mounted on a �oating base: this is useful to understand the dynami
 ef-

fe
ts and for
es ex
hanged between the arm and the hand at wrist level.

2.1 Kinemati
s

Let na be the number of roboti
 arms 
omposing the system, and Σ a world

frame, i.e. a referen
e frame 
ommon to all robots. Let Σbi the base frame

of manipulator i and Σai the palm frame atta
hed to the base of the ith

21
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roboti
 hand. Moreover, it has been assumed that the wrist frame on the

arm and the palm frame are 
oin
ident. The forward kinemati
s of the ith

manipulator, from the base to the wrist, 
an be expressed via the following

homogeneous transformation matrix

T bi
ai
(qai

) =

[
Rbi

ai
obi
ai

0T
3 1

]
, (2.1)

where qai
is the ve
tor of arm's joint positions, Rbi

ai
is the rotation matrix

representing the orientation of frame Σai with respe
t to Σbi , o
bi
ai
is the po-

sition of the origin of frame Σai and 0α is a α × 1 null ve
tor. As 
on
erns

the hand, a referen
e frame, Σfi,j atta
hed at the distal phalanx of �nger j

belonging to hand i, 
ould be de�ned and, thus, the kinemati
s of the ith

�nger, with respe
t to the palm frame, be
omes

T ai
fi,j

(qfi,j
) =

[
Rai

fi,j
oai
fi,j

0T
3 1

]
, (2.2)

where qfi,j
is the ve
tor of joint positions of �nger j, belonging to hand i,

Rai
fi,j

is the rotation matrix representing the orientation of the �nger frame j

with respe
t to palm frame, oai
fi,j

is the position of the origin of frame Σfi,j .

The kinemati
s of the �nger with respe
t to world frame 
an be 
omputed

as

T fi,j (qi,j) = T biT
bi
ai
(qai

)T ai
fi,j

(qfi,j
), (2.3)

where T bi is the 
onstant homogeneous transformation between Σbi and Σ,

qi,j is the ve
tor of joint positions of the whole arm/hand system.

In order to derive the di�erential kinemati
s, it is useful to represent

the velo
ity of Σfi,j with respe
t to Σbi by the (6 × 1) twist ve
tor υbi
fi,j

=
[
ȯbiT
fi,j

ωbiT
fi,j

]T
, where ȯbi

fi,j
and ωbi

fi,j
denote the linear and angular velo
ities

of the �nger frame with respe
t to the �xed base frame, respe
tively. It is

worth noting that Ṙfi,j = S(ωfi,j)Rfi,j , where S(·) is the skew-symmetri
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operator representing the ve
tor produ
t [63℄. Hereafter, only for notation


ompa
tness, the index i labeling the arm is dropped. The di�erential kine-

mati
s equations relating the joint velo
ities to the velo
ity of frame Σfj 
an

be thus written as

υb
fj
=

[
J b

Pj
(qj)

J b
Oj
(qj)

]
q̇j = J b

Fj
(qj)q̇j, (2.4)

where qj =
[
qT
a qT

fj

]T
, J b

Fj
is the Ja
obian of the arm, ending with �nger j,

and J b
Pj
and J b

Oj
denote the Ja
obian linear and rotational part, respe
tively.

The detailed expression of J b
Fj

in (2.4) is

J b
Fj

=
[
GT

a (ofj ,h)J
b
a(qa) R̄

b

a(qa)J
a
fj
(qfj

)
]
, (2.5)

where J b
a is the Ja
obian that maps the joint velo
ity of the arm, q̇a, to the

velo
ity of the frame Σa, R̄
b

a = diag{Rb
a,R

b
a}, R

b
a ∈ SO(3) is the rotation

matrix denoting the orientation of Σa with respe
t to the �xed base frame,

Ja
fj
is the Ja
obian that maps the joint velo
ity of the jth �nger, q̇fj

, to the

velo
ity of Σfj expressed with respe
t to Σa, o
b
fj ,a

= ob
fj
− ob

a and GT
a (o

b
fj ,a

)

is given by

GT
a (o

b
fj ,a

) =

[
I3 −S(ob

fj ,a
)

O3 I3

]
,

where Iα and Oα denote a (α× α) identity and null matrix, respe
tively.

Therefore, the di�erential kinemati
s equations of the whole arm-hand

system 
an be written in the form

υ̃
b
f = J b(q)q̇, (2.6)

where υ̃
b
f =

[
υbT

f1
· · · υbT

fN

]T
, q =

[
qT
a qT

f1
· · · qT

fN

]T
, and J is the
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Ja
obian of the overall arm-hand system, whose detailed expression is

J b(q) =




GT
a (o

b
f1,a

)J b
a(qa) R̄

b

a(qa)J
a
f1
(q1) · · · O

GT
a (o

b
f2,a

)J b
a(qa) O

.

.

. O
.

.

.

.

.

.

.

.

.

.

.

.

GT
a (o

b
fN ,a)J

b
a(qa) O · · · R̄

b

a(qa)J
a
fN
(qN)



,

where O denotes a null matrix of appropriate dimensions. The di�erential

kinemati
s of the ith arm/hand systems, in terms of 
ommon world frame


oordinate be
omes

υ̃
bi
fi
= J i(qi)q̇i

J i(qi) = R̄biJ
bi
i (qbi

)
, (2.7)

where R̄bi = diag{Rbi , Rbi}, Rbi is the rotation matrix representing the

orientation of Σb with respe
t the inertial 
ommon referen
e frame.

2.2 Conta
t modeling

Conta
t allows to impose a desired motion to the obje
t or to apply a desired

for
e trough the obje
t. Hen
e, all possible grasping a
tions are transmitted

trough 
onta
ts, whose modeling and 
ontrol is 
ru
ial in grasping. The

three models of greatest interest in grasp analysis are known as point 
onta
t

without fri
tion, hard �nger, and soft �nger.

The point 
onta
t without fri
tion (PwoF) model is to be 
onsidered when

the 
onta
t area is very small and the surfa
es of the hand and obje
t are slip-

pery; only the 
omponent of the translational velo
ity normal to the obje
t

surfa
e on the 
onta
t point is transmitted to the obje
t. The two 
ompo-

nents of tangential velo
ity and the three 
omponents of angular velo
ity are

not transmitted. Analogously, the normal 
omponent of the 
onta
t for
e

is transmitted, while the fri
tional for
es and moments are assumed to be

negligible.
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A hard �nger (HF) model is used when there is signi�
ant 
onta
t fri
tion

and the 
onta
t pat
h is small. When this model is 
onsidered, all three

translational velo
ity 
omponents of the 
onta
t point on the hand and all

three 
omponents of the 
onta
t for
e are transmitted through the 
onta
t.

Angular velo
ity 
omponents and moment 
omponents are not transmitted

through the 
onta
ts.

The soft �nger (SF) model is adopted when 
onta
t surfa
e, due to �nger

deformation, is not negligible: fri
tion moment around the 
onta
t normal

are signi�
ant. The three translational velo
ity 
omponents of the 
onta
t

on the hand and the angular velo
ity 
omponent about the 
onta
t normal

are transmitted.

2.3 Conta
t kinemati
s

Both the obje
t and the roboti
 �ngers are often smooth surfa
es and then,

depending on the 
onta
t type, manipulation involves rolling and/or sliding

of the �ngertips on the obje
t's surfa
e. If the �ngers and obje
t shapes are


ompletely known, the 
onta
t kinemati
s 
an be des
ribed by introdu
ing


onta
t 
oordinates de�ned on the basis of a suitable parametrization of the


onta
t surfa
es [39, 42℄.

2.3.1 Conta
t kinemati
s from the obje
t point of view

By assuming that the hand grasps a rigid obje
t, it is, thus, useful to intro-

du
e a frame, Σo, atta
hed to the obje
t, usually 
hosen with the origin in

the obje
t 
enter of mass. Let Ro and oo denote, respe
tively, the rotation

matrix and the position ve
tor of the origin of Σo with respe
t to the base

frame, and let υo denote the obje
t velo
ity twist ve
tor. Let Σcj be the


onta
t frame atta
hed to the obje
t with the origin at the 
onta
t point,



Chapter 2. Modeling 26

ocj . Noti
e that, instantaneously, the obje
t 
onta
t point ocj and the �nger


onta
t point okj 
oin
ide. One of the axes of Σcj , e.g., the Z axis, is assumed

to be the outward normal to the tangent plane to the obje
t surfa
e at the


onta
t point.

The position of the 
onta
t point with respe
t to the obje
t frame, oo
o,cj

=

oo
cj
−oo

o, 
an be parametrized, at least lo
ally, in terms of a 
oordinate 
hart,

coj : Uj ⊂ R
2 7→ R

3
, whi
h maps a 
hart's point ξj =

[
uj vj

]T
∈ Uj to the

point oo
o,cj

(ξj) on the surfa
e of the obje
t [39℄.

By assuming that coj is a di�eomorphism and that the 
oordinate 
hart

is orthogonal and right-handed, the 
onta
t frame Σcj 
an be thus 
hosen as

a Gauss frame [39℄, where the relative orientation, expressed by the rotation

matrix Ro
cj
, has the following expression

Ro
cj
(ξ) =

[
couj

‖couj
‖

covj

‖covj‖

couj
× covj

‖couj
× covj‖

]
, (2.8)

and hen
e it is 
omputed as fun
tion of the orthogonal tangent ve
tors

couj
= ∂coj/∂uj and covj = ∂coj/∂vj . Fun
tion coj(ξj(t)) denotes a 
urve on

the obje
t's surfa
e parametrized by the time variable t. Hen
e, the 
orre-

sponding motion of Σcj with respe
t to the base frame 
an be determined

as a fun
tion of the obje
t motion, the geometri
 parameters of the obje
t

and the 
urve geometri
 features. Namely, 
omputing the time derivative

of equation ocj = oo + Roc
o
j(ξj), whi
h provides the position of the obje
t


onta
t point in the base frame, yields

ȯcj = ȯo − S(Roc
o
j(ξj))ωo +Ro

∂coj
∂ξj

ξ̇j, (2.9)

where the �rst two terms on the right-hand side spe
ify the velo
ity 
ontri-

bution due to the obje
t motion, while the last term represents the �nger

velo
ity relative to the obje
t surfa
e. On the other hand, for the angular

velo
ity, the following equality holds

ωcj = ωo +Roω
o
o,cj

, (2.10)
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where ωo
o,cj

is the angular velo
ity of Σcj with respe
t to Σo, that 
an be

expressed as

ωo
o,cj

= C(ξj)ξ̇j, (2.11)

where C(ξj) is a (3 × 2) matrix depending on geometri
 parameters of the

surfa
e [42℄. Matrix C is not ne
essarily full rank (e.g., is null in the 
ase

of planar surfa
es). In view of (2.9), (2.10) and (2.11), the velo
ity of the


onta
t frame 
an be expressed as

υcj =

[
ȯcj

ωcj

]
= GT

ξj
(ξj)υoj + J ξj (ξj)ξ̇j , (2.12)

where Gξj(ξj) and J ξj(ξj) are (6× 6) and (6× 2) full rank matri
es, respe
-

tively, having the following expressions

GT
ξj
(ξj) =

[
I3 −S(Roc

o
j(ξj))

O3 I3

]
, J ξj(ξj) =




Ro

∂coj
∂ξj

RoC(ξj)


 .

2.3.2 Conta
t kinemati
s from the �nger point of view

It is assumed that the �ngertips are sharp (i.e., they end with a point, denoted

as tip point) and 
overed by an elasti
 pad. The elasti
 
onta
t is hen
e

modelled by introdu
ing a �nger 
onta
t frame Σkj , atta
hed to the soft

pad and with the origin in the tip point okj , and a spring-damper system


onne
ting okj with the origin of Σfj . This last frame is atta
hed to the

rigid part of the �nger (w.r.t. Fig. 2.1) and has the same orientation of Σkj .

The displa
ement between Σfj and Σkj , due to the elasti
 
onta
t for
e, 
an

be 
omputed as

ofj − okj = (lj −∆lj)Ron̂
o(ξ), (2.13)

where lj and 0 ≤ ∆lj ≤ lj are the rest position and the 
ompression of

the spring, respe
tively, and n̂o
is the unit ve
tor representing the outward
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Σo

Σ Σcº k

Σb

c
o
( )x

c( ( ))x t

Σf

Figure 2.1: Lo
al parametrization of the obje
t surfa
e with respe
t to Σo

normal to the obje
t's surfa
e at the 
onta
t point, expressed with respe
t

to Σo.

The 
onta
t 
an be modeled with an una
tuated 3-DOFs ball and so
ket

kinemati
 pair 
entered at the origin okj of Σkj . This origin is, in general,

�xed to the soft pad of the �nger, but it may also move on the surfa
e if sliding

is allowed. Therefore, the relative orientation of Σcj with respe
t to Σkj , R
kj
cj
,


an be 
omputed in terms of a suitable parametrization of the ball and so
ked

joint, e.g., Euler angles or angle-axis representations. If the parametrization

in terms of XY Z Euler angles is adopted, a ve
tor θj =
[
θ1j θ2j θ3j

]T


an be 
onsidered; thus, Rkj
cj

= Rkj
cj
(θj). In detail, θ1j and θ2j parametrize

the so-
alled �swing� motion, aligning axis Z of a moving frame to axis Z of

the 
onta
t frame, while θ3j 
orresponds to the �twist� motion about axis Z

of the 
onta
t frame. Singularities o

urs for θ2j = ±π/2, but they do not


orrespond to physi
al kinemati
 singularities.

Noti
e that, in the presen
e of a 
onta
t for
e, tip elasti
ity allows mutual

translation of Σkj with respe
t to Σfj , a

ording to (2.13), while the mutual

orientation does not 
hange. Therefore, Rkj
cj

= Rfj
cj
. Moreover, the angular
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velo
ity of Σcj relative to Σfj 
an be expressed as ω
fj
fj ,cj

= D(θj)θ̇j, where

D is a transformation matrix depending on the 
hosen parametrization [63℄.

In view of the de
omposition ωcj = ωfj +Rfj(qj)ω
fj
fj ,cj

and equation (2.4),

the angular velo
ity of Σcj 
an be 
omputed also as a fun
tion of joint and


onta
t variables in the form

ωcj = JOj
(qj)q̇j +Rfj (qj)D(θj)θ̇j , (2.14)

with JOj
de�ned in (2.4). Moreover, sin
e the origins of Σcj and Σkj 
oin
ide,

the following equality holds

ocj = okj = ofj − (lj −∆lj)Ron̂
o
j(ξj), (2.15)

while the time derivative of (2.15) yields

ȯcj = JPj
(qj)q̇j + ∆̇ljRon̂

o
j(ξj) +

+ (lj −∆lj)

[
S(Ron̂

o
j(ξj))ωo −Ro

∂n̂o
j(ξj)

∂ξj

ξ̇j

]
, (2.16)

with JPj
de�ned in (2.4).

By 
onsidering (2.14) and (2.16), the velo
ity of the 
onta
t frame 
an

be expressed as

υcj = JFj
(q)q̇ + J θj (θj, qj)θ̇j + J∆lj(ξj)∆̇lj −

− J ′
ξj
(ξj,∆lj)ξ̇j −GT

∆lj
(ξj ,∆lj)υo, (2.17)

where JFj
is de�ned in (2.5), J θj is a (6× 3) full 
olumn rank matrix

J θj =

[
O3

Rfj (qj)D(θj)

]
,

J∆lj is a (6× 1) ve
tor

J∆lj =

[
Ron̂

o
j(ξj)

03

]
,



Chapter 2. Modeling 30

J ′
ξj
is a (6× 2) full 
olumn rank matrix

J ′
ξj
=



(l −∆lj)Ro

∂n̂o
j(ξj)

∂ξj

O3×2


 ,

where O3×2 is the (3× 2) null matrix, and GT
∆lj

is the (6× 6) matrix

GT
∆lj

=

[
O3 (∆lj − lj)S(Ron̂

o
j(ξj))

O3 O3

]
.

Therefore, from (2.12) and (2.17), the 
onta
t kinemati
s of �nger i 
an

be expressed as

JFj
(qj)q̇j + Jηj (ηj, qj,∆lj)η̇j + J∆lj(ξ)∆̇lj = GT

j (ηj,∆lj)υo, (2.18)

where ηj =
[
ξTj θT

j

]T
is the ve
tor of 
onta
t variables,

Jηj =
[
−(J ξj + J ′

ξj
) J θj

]
,

is a (6×5) full rank matrix, and Gj = Gξj +G∆lj is a (6×6) full rank grasp

matrix.

Equation (2.18) 
an be interpreted as the di�erential kinemati
s equation

of an �extended� �nger 
orresponding to the kinemati
 
hain whi
h in
ludes

the arm, the �nger joint variables (a
tive joints) and the 
onta
t variables

(passive joints). Moreover, noti
e that (2.18) involves all the 6 
omponents

of the velo
ity, while grasping 
onstraints adopted in the literature usually


onsider only those transmitted by the 
onta
t [40, 42℄.

Depending on the 
onsidered 
onta
t type, some of the parameters ξj

and θj are 
onstant. Hen
e, by assuming that su
h 
onta
t type remains

un
hanged during the task, the variable parameters at ea
h 
onta
t point

are grouped in a (ncj × 1) ve
tor, ηj , of 
onta
t variables, with ncj ≤ 5.
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Di�erently form the 
lassi
al grasp analysis, in this thesis the elasti
ity of

the soft pad has been expli
itly modelled, although using a simpli�ed model.

This means that the for
e along the normal to the 
onta
t surfa
e is always

of elasti
 type. The quantity ∆lj, at steady state, is related to the normal


onta
t for
e fnj
by the equation ∆lj = fnj

/kj, being kj the elasti
 
onstant

of the soft pad of �nger j.

2.4 Dynami
s of the arm/hand system

In the following the analysis will be fo
used on a single arm manipulator

equipped with a multi�nger roboti
 hand; here, di�erent from the previous

se
tions, the index i no longer indi
ate a parti
ular arm/hand system.

The lagrangian formulation, a

ording to [63℄, is 
hosen to have a 
ompa
t

and not re
ursive des
ription of the system dynami
s. As �rst step, the


omputation of the total energy, given by the sum of the kineti
 and potential

energy, of the system needs to be performed. It is worth pointing out that

all the ve
tors and the matri
es are expressed in terms of the manipulator

base frame 
oordinates.

2.4.1 Kineti
 energy

The kineti
 energy, asso
iated to the arm, 
an be 
omputed as

Ka =
1

2

h∑

i=1

miṗ
T
i ṗi + ωT

i M iωi, (2.19)

where mi and M i are, respe
tively, the mass and inertia tensor of link i of

the arm, ṗi ∈ ℜ3
, ωi ∈ ℜ3

are the linear and angular velo
ity of the frame

atta
hed on the 
enter of gravity (CoG) of the link i.

The generalized CoG velo
ity of the ith link belonging to the arm 
an be
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further expressed as

vi =

[
ṗi

ωi

]
=

[
J i

p(qi)

J i
o(qi)

]
q̇i, (2.20)

where pi is the CoG position of the ith link, J i
p(qi), J

i
o(qi) are 
omputed

a

ording to [63℄

J i
p(qi) =

[
J i

p1(q1) J i
p2(q2) . . . J i

pi(qi) 0a−i

]
, (2.21)

J i
o(qi) =

[
J i

o1(q1) J
i
o2(q2) . . . J i

oi(qi) 0a−i

]
, (2.22)

where qi = [q1 q2 . . . qi]
T
, J i

pi(qj)
(
J i

oi(qj)
)
is the 
ontribution of joint j to

the linear (angular) velo
ity of link i. Equations (2.21), (2.22) represent the


ontribution of all joints, up to the ith, to the linear and angular velo
ity of

the CoG of link i.

The kineti
 energy asso
iated to the �ngers 
an be expressed as

Kf =
1

2

N∑

j=1

fj∑

i=1

mj
i ṗ

jT
i ṗ

jT
i + ω

jT
i M

j
iω

j
i , (2.23)

where mj
i , M

j
i are, respe
tively, the mass and inertia tensor of link i be-

longing to �nger j, ṗj
i ∈ ℜ3

, ω
j
i ∈ ℜ3

are the linear and angular velo
ity of

the frame atta
hed on the 
enter of gravity (CoG) of the link i belonging to

�nger j, fj is the number of links 
omposing �nger j.

The velo
ity of the CoG of ea
h link of the jth �nger 
an be 
omputed as

v
j
i = G

jT
i,ava + v

j
i,a, (2.24)

where i = 1, 2, . . . , nj ,

G
jT
i,a

(
p
j
i,a

)
=

[
I3 −S(pj

i,a)

O3 I3

]
, (2.25)

va =
[
ṗT
a ωT

a

]T
∈ ℜ6

is the generalized velo
ity of the palm frame Σa (whi
h


oin
ides with the arm end-e�e
tor frame), v
j
i,a =

[
ṗ
jT
i,a ω

jT
i,a

]T
, p

j
i,a ∈ ℜ3

is
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the relative position of the CoG of link i, belonging to �nger j, with respe
t

to the palm frame, ω
j
i,a ∈ ℜ3

is the relative angular velo
ity of the CoG of

the link i, belonging to �nger j, with respe
t to the palm frame. Linear and

angular relative velo
ities ṗ
j
i,a, ω

j
i,a 
ould be further expressed as

v
j
i,a =

[
ṗ
j
i,a

ω
j
i,a

]
=

[
J i,j

p (qj
i )

J i,j
o (qj

i )

]
q̇
j
i = J

i,j
f q̇

j
i , (2.26)

where q
j
i =

[
qj1 , q

j
2 , . . . , q

j
i

]
, qji is the position of the ith joint belonging to

the jth �nger, while J i,j
p , J i,j

o 
an be formally obtained via (2.21), (2.22) by

repla
ing qi with q
j
i , qk with qjk and h with fj. The kineti
 energy of the

system is given by

K = Ka +Kf ,

whi
h, in turn, 
ould be rewritten in a more 
ompa
t form, by 
onsidering

equations (2.23)-(2.45), as

K =
1

2
q̇TB(q)q̇, (2.27)

where q =
[
qT
a , qT

f

]T
, qa ∈ ℜh

, qf ∈ ℜn−h
are the ve
tors of arm and �ngers'

joints, respe
tively, B(q) is the blo
k matrix

B(q) =

[
Baa(q) Baf (q)

Bfa(q) Bff(q)

]
, (2.28)

whose elements have the following expressions

Baa(q) =
h∑

i=1

(
miJ

i
p

T
(qi)J

i
p(qi) + J i

o

T
(qi)M iJ

i
o(qi)

)
+

+
N∑

j=1

fj∑

i=1

(
JT

a (qa)G
j
i,a

(
p
j
i,a

)
M̄

j

iG
jT
i,a

(
pi,a

)
Ja(qa)

)
,

Baf (q) =
N∑

j=1

fj∑

i=1

JT
a (qa)G

j
i,a

(
p
j
i,a

)
M̄

j

iJ
i,j
f (qf),
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Bfa(q) =

N∑

j=1

fj∑

i=1

(
JT

a (qa)G
j
i,a

(
p
j
i,a

)
M̄

j

iJ
i,j
f (qa)

)T

, (2.29)

Bff(q) =

N∑

j=1

nj∑

i=1

(
miJ

i
p

T
(qj

i )J
i
p(q

j
i )+J i

o

T
(qj

i )M
j
iJ

i
o(q

j
i )
)
,

where Ja ∈ ℜm×h
is the geometri
 Ja
obian of the arm and M̄

j

i = diag{mj
iI3,M

j
i}.

The blo
k matri
esBaf andBfa in (2.29) are 
oupling terms whi
h take into

a

ount the dynami
 e�e
t of the hand on the arm and vi
eversa. The fol-

lowing properties hold:

1. mutual symmetry of Baf and BT
fa, i.e. Baf = BT

fa;

2. B is symmetri
 and positive de�nite.

2.4.2 Potential energy

The potential energy of the arm 
an be written as

Ta = −
h∑

i=1

mig
T
api, (2.30)

where ga = [0, 0, −g]T is gravity a

eleration, while for the hand the poten-

tial energy is given by

Tf = −
N∑

j=1

fj∑

i=1

mj
ig

T
ap

j
i , (2.31)

where p
j
i 
an be further expressed as

p
j
i = pa + p

j
i,a, (2.32)

and thus, the potential energy of the overall system is

T = −
h∑

i=1

mig
T
api −

N∑

j=1

fj∑

i=1

mj
ig

T
apa −

N∑

j=1

fj∑

i=1

mj
ig

T
ap

j
i,j. (2.33)



Chapter 2. Modeling 35

2.4.3 Lagrangian equation

The Langrangian of the me
hani
al system is given by the di�eren
e between

the kineti
 and the potential energy

L = K − T , (2.34)

while the Lagrangian equation 
ould be expressed as

d

dt

(
∂L

∂q̇

)T

−

(
∂L

∂q

)T

= ξ, (2.35)

where ξ is the ve
tor of the generalized for
es a
ting along the generalized


oordinates q. By substituting (2.27), (2.28) and (2.33) in (2.35), after some


omputation, the ith 
omponent of (2.35) be
omes

n∑

j=1

bij(q)q̈j +
n∑

j=1

cij(q, q̇)q̇j + gi(q) = ξi, (2.36)

where n is the total number of DOFs

n = h+
N∑

j=1

fj ,

bij is the element i, j of the inertia matrix B, while a possible 
hoi
e for the

element ci,j(q, q̇) of C(q, q̇), a

ording to [63℄, 
ould be the following

ci,j =

n∑

k=1

1

2

(
∂bi,j
∂qk

+
∂bik
∂qj

−
∂bj,k
∂qi

)
q̇k, (2.37)

gi(q) is the ith element of

g(q) =

(
∂T

∂q

)T

= −
n∑

i=1

miJ
iT
p ga −

N∑

j=1

fj∑

i=1

mj
i J̄

i,jT
f ga, (2.38)

where J̄
i,j

f =
[
ZG

j
i,a

(
p
j
i,a

)
J

i,j
f

]
and Z = [I3 O3]. The generalized for
e ξ

is the resultant of the a
tuation torques, τ , and the torques due to external

generalized 
onta
t for
es (wren
hes), hc, a
ting on the �ngers

ξ = τ − JT
c hc,
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where J c the geometri
 ja
obian mapping joint velo
ities into 
onta
t point

twists; if the grasp involves only �ngertips, then J c = J b
. Finally the dy-

nami
 model of the overall system 
an be written as

B(q)q̈ +C(q, q̇)q̇ + g(q) = τ − JT
c h. (2.39)

2.5 Dynami
 model of the �oating base hand

The model of the 
oupling e�e
ts between the hand and the arm, 
ould

be 
omputed by 
onsidering, instead of the whole system, a dynami
ally

equivalent one, made up by the same roboti
 hand, able to freely move in

3-D spa
e, on whi
h the arm's a
tion has been 
onsidered by means of an

external wren
h a
ting on the �oating wrist.

Let us de�ne the state of the wrist as

xa =
[
pT
a QT

a

]T
, (2.40)

where pa is the ve
tor pointing at the origin of the wrist frame Σa, Qa is is

the unit quaternion

Qa = {ηa, ǫa},

representing the orientation of Σa with respe
t to the base frame Σb. In order

to determine the dynami
s of the �oating base hand, a set of lagrangian

generalized 
oordinates is 
hosen as

x =
[
xT
a qT

f

]T
, (2.41)

where qf is the ve
tor of �nger joint positions. Following the Lagrangian

formulation the total energy of the system needs to be 
omputed.
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2.5.1 Kineti
 Energy

The kineti
 energy of the system 
an be 
omputed as follows

K =
1

2
vT
a M̄ava +

1

2

N∑

j=1

fj∑

i=1

v
jT
i M̄

j

iv
j
i , (2.42)

where va =
[
ṗT
a ωT

a

]T
∈ ℜ6

is the generalized velo
ity of the palm frame Σa

(whi
h 
oin
ides with the arm end-e�e
tor frame), M̄a = diag{maI3, Ma},

ma and Ma are the mass and the inertia tensor of the wrist, respe
tively, v
j
i

is the generalized velo
ity (twist) of the frame atta
hed to the CoG of link i

belonging to �nger j, M̄
j

i = diag{mj
iI3, M

j
i}. The twist of the CoG frame

of ea
h link belonging to the jth �nger 
an be 
omputed as

v
j
i = G

jT
i,ava + v

j
i,a, (2.43)

where

G
jT
i,a

(
p
j
i,a

)
=

[
I3 −S(pj

i,a)

O3 I3

]
, (2.44)

v
j
i,a =

[
ṗ
jT
i,a ω

jT
i,a

]T
, p

j
i,a ∈ ℜ3

is the relative position of the CoG of link i,

belonging to �nger j, with respe
t to the palm frame, ω
j
i,a ∈ ℜ3

is the relative

angular velo
ity of the CoG of the link i, belonging to �nger j, with respe
t

to the palm frame. Linear and angular relative velo
ities ṗ
j
i,a, ω

j
i,a 
ould be

further expressed as

v
j
i,a =

[
ṗ
j
i,a

ω
j
i,a

]
=

[
J i,j

p (qj
i )

J i,j
o (qj

i )

]
q̇
j
i = J

i,j
f q̇

j
i , (2.45)

where q
j
i =

[
qj1 , q

j
2 , . . . , q

j
i

]
, qji is the position of the ith joint belonging to

the jth �nger, where

J i,j
p (qj

f) =
[
J

i,j
o1(q

j
1) J

i,j
p2(q

j
2) . . . J

i,j
pi (q

j
i ) 0fj−i

]
,
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J i,j
o (qj

f) =
[
J

i,j
o1(q

j
1) J

i,j
o2 (q

j
2) . . . J

i,j
oi (q

j
i ) 0fj−i

]
,

and J
i,j
pk (J

i,j
pk) is the Ja
obian representing the 
ontribution of joint k to the

linear (angular) velo
ity of the CoG of link i belonging �nger j.

The wrist velo
ity 
ould be written in terms of ẋa

va = Laẋa,

La =

[
I3 O3,4,

O3 L̄a

]
,

L̄a = 2
[
ǫa ηaI3 − S(ǫa)

]
.

(2.46)

In view of (2.46), the kineti
 energy 
an be rewritten in a 
ompa
t form

K =
1

2
xT

B(x)x, (2.47)

where

B(x) =

[
Baa(x) Baf (x)

Bfa(x) Bff(x)

]

is the inertia matrix of the �oating base hand and

Baa(x) = LT
a


M̄a +

N∑

j=1

fj∑

i=1

G
j
i,aM̄

j

iG
jT
i,a


La,

Baf (x) =
N∑

j=1

fj∑

i=1

LT
aG

j
i,aM̄

j

iJ
i,j
f La,

Bfa(x) =
N∑

j=1

fj∑

i=1

(
LT

aG
j
i,aM̄

j

iJ
i,j
f

)T

,

Bff (x) =
N∑

j=1

nj∑

i=1

J
i,jT
f M̄

j

iJ
i,j
f .

(2.48)

It is worth remarking that B is symmetri
 and positive de�nite.The following

properties hold:

1. mutual symmetry of Baf and B
T
fa, i.e. Baf = B

T
fa;

2. B is symmetri
 and positive de�nite.
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2.5.2 Potential energy

The potential energy of the �oating base hand is 
omputed a

ording to

T = mag
T
a pa +

N∑

j=1

fj∑

i=1

mj
ig

T
ap

j
i , (2.49)

It is worth noting that

p
j
i = pa +Rap

jh
i,a,

where p
jh
i,a is the relative position of the link i CoG, belonging to �nger j,

with respe
t to Σa, with respe
t to the wrist frame 
oordinate, while Ra is

a fun
tion of Qa

Ra (Qa) = η2aI3 + 2ǫaǫ
T
a − 2ηaS(ǫa).

2.5.3 Lagrangian equation

Sin
e a non-minimal representation has been 
hosen for the orientation of

the wrist frame, the so-
alled lagrangian variables, i.e. the 
omponent of

the ve
tor x, are not independent: 4 of them are 
onstrained. Thus, the

Lagrangian of the system must take into a

ount this 
onstraint, whi
h, in

turn, 
an be expressed as

φ(x) =
1

2

(
1− xTQT Qx

)
= 0, (2.50)

where Q = [O3 I4 Of ] and f is the number of the hand's joint. The


onstraint expressed via (2.50) establishes thatQa must be a unit quaternion.

Finally, a

ording to [42℄, the Lagrangian of the 
onstrained system 
an be

written as

L = L̄+ λφ(x), (2.51)

where L̄ is the lagrangian of the un
onstrained system and λ is the lagrangian

multiplier. The lagrangian equation be
omes

B(x)ẍ+ C̄(x, ẋ)ẋ+ γ̄(x) + λ

(
∂φ

∂x

)T

= ξ̄x, (2.52)
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where C̄, a

ording to [63℄, is 
omputed as

C̄i,j(x, ẋ) =
n∑

k=1

1

2

(
∂bi,j
∂xk

+
∂bjk
∂xi

−
∂bj,k
∂xi

)
ẋk, (2.53)

γ̄ is given by

γ̄(x) = (∂T /∂x)T , (2.54)

while the term ξ̄x is the ve
tor of the generalized for
es a
ting along the

lagrangian 
oordinates x. By noting that

∂φ

∂x
= −QTQx,

equation (2.52) 
an be rewritten as

B(x)ẍ+ C̄(x, ẋ)ẋ+ γ̄(x) = ξ̄x + λQTQx, (2.55)

from whi
h λ 
an be 
omputed by pre-multiplying the (2.55) by xT
, obtaining

λ = xT
(
B(x)ẍ+ C̄(x, ẋ)ẋ+ γ̄(x)− ξ̄x

)
. (2.56)

By folding (2.56) into (2.55) and after few algebrai
 steps, it yields

B(x)ẍ+ C(x, ẋ)ẋ+ γ(x) = ξx −B(x)xẋTQTQẋ, (2.57)

C =
(
I7+f −QTQxxT

)
C̄,

γ =
(
I7+f −QTQxxT

)
γ̄,

ξx =
(
I7+f −QTQxxT

)
ξ̄x, (2.58)

where the following relationship has been exploited

xTQTQẍ = −ẋTQTQẋ,

obtained by di�erentiating twi
e the 
onstraint (2.50). If the system rea
hes

a stati
 equilibrium, the virtual work is null

−vT
c hc + q̇T

f τ f − vT
aha = 0, (2.59)
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where vc ∈ ℜ6nc
is the ve
tor sta
king the �nger velo
ities at ea
h 
onta
t

point, nc is the number of 
onta
t points, hc ∈ ℜ6nc
is the ve
tor sta
king

the 
onta
t wren
hes, τ f ∈ ℜl
is the ve
tor of 
ommanded torques (l is the

number of hand DOFs), va ∈ ℜ6
is the ve
tor of generalized wrist velo
ities,

ha represents the wrist wren
h. The 
onta
t generalized velo
ities (twists)


an be further expressed as

vc = GT
a (ra)va + vc,h

vc,h = Jfc q̇f ,
(2.60)

where ra is the ve
tor sta
king the position of ea
h 
onta
t point with respe
t

to the wrist frame,

Ga(ra) =
[
Ga1(ra1) Ga2(ra2) . . . Ganc

(ranc
)
]
,

Gai(rai) =

[
I3 O3

S(rai) I3

]
,

Jfc is the hand ja
obian mapping the joint velo
ities into 
onta
t point twists.

The prin
iple of virtual works be
omes

−vT
a (ha +Ga(ra)hc) + q̇T

f

(
τ f − JT

fc
hc

)
= 0. (2.61)

By re
alling (2.46), it yields

−ẋT
aL

T
a (ha +Ga(ra)hc) + q̇T

f

(
τ f − JT

fc
hc

)
= 0, (2.62)

whi
h 
ould be rewritten in a more 
ompa
t form as

[
ẋT
a q̇T

f

] [ −LT
a (ha +Ga(ra)hc))

τ f − JT
fc
hc

]
= 0; (2.63)

from whi
h it 
ould be re
ognized that

ξx =

[
−LT

a (ha +Ga(ra)hc))

τ f − JT
fc
hc

]
, (2.64)

sin
e ẋTξx = 0.
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2.6 Conta
t analysis

The detailed dynami
s of the grasped obje
t 
an be expressed as

Bov̇o +C(vo)vo + go = Gc(ro)hc − he, (2.65)

where Bo = diag{moI3,M o}, mo ∈ ℜ and M o ∈ ℜ3×3
are the mass and

inertia tensor of the obje
t respe
tively, vo ∈ ℜ6
is the generalized velo
ity of

the frame Σo atta
hed to the 
enter of gravity (CoG) of the obje
t, C(vo) ∈

ℜ6×6
is the matrix 
olle
ting the 
entrifugal and Coriolis terms, go ∈ ℜ6

is

the gravity generalized for
e, Gc(ro) ∈ ℜ6×6nc
is the grasp matrix

Gc(ro) =
[
Gc1(ro1) Gc2(ro2) . . . Gcnc

(ronc
)
]
,

Gci(roi) =

[
I3 O3

S(roi) I3

]
,

(2.66)

r =
[
rT
o1
rT
o2
. . . rT

onc

]T
and roi ∈ ℜ3

is the relative position of the ith 
onta
t

point with respe
t to the origin of Σo. The other terms in (2.65) are hc, the


onta
t wren
hes, and he, whi
h is the environmental intera
tion wren
h, i.e.

it takes into a

ount the 
ase in whi
h the grasped obje
t 
ollides with other

bodies populating the external environment.

Depending on the 
onta
t model, (2.65) 
an be rewritten by 
onsidering

only the for
e transmitted to the obje
t through the 
onta
t

Bov̇o +C(vo)vo + go = G(ro)ht − he, (2.67)

where ht =
[
hT

t1
hT

t2
. . .hT

tnc

]T
denotes the ve
tor sta
king the transmitted

for
es, and

G(ro) =
[
G1(ro1) G2(ro2) . . . Gnc

(ronc
)
]
,

where the expression ofGi(roi) ∈ ℜnt
, hti ∈ ℜnt

and nt depend on the 
hosen


onta
t model; it 
ould be useful to 
onsider 4 
ases:
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• Point 
onta
t without fri
tion: only normal for
es are transmitted.

Thus, nt = 1 and

hti = nT
i hci,

Gi =

[
ni

S(roi)ni

]
,

where ni is the unit ve
tor normal to the obje
t surfa
e at 
onta
t

point i.

• Point 
onta
t with fri
tion: only for
es (no moments) are transmitted.

Thus, nt = 3 and

hti = H3hci,

Gi(roi) =

[
I3

S(roi)

]
,

where Hα a sele
tor operator whi
h extra
ts the �rst α 
omponents

Figure 2.2: Fri
tion 
one. fn represent the normal for
es where µ is the

fri
tion 
oe�
ient

from a ve
tor of dimension β ≥ α, Hα =
[
Iα Oα,n−α

]
. The fri
tion

law imposes that the 
omponents of the total for
e transmitted to the

obje
t through the 
onta
t, should lie in a limit surfa
e, 
alled fri
tion
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one, Fi as shown in Figure 2.2. Let Rci = [nT
i tTi kT

i ]
T
be the rotation

matrix representing the orientation of 
onta
t point i on the obje
t

surfa
e, where ni is the outward normal to the obje
t surfa
e while ti

and ki are the unit ve
tor spanning the tangent plane, then the fri
tion


one 
an be written as

Fi =

{
hti ∈ ℜ3:

1

µi

√
|tTi hti |

2 + |kT
i hti |

2 ≤ µi|n
Thti |

}
, (2.68)

where µi is the fri
tion 
oe�
ient.

• Soft �nger: in this 
ase, not only for
es are transmitted but also the

moment around the normal axis. Thus, nt = 4 and

hti =

[
I3 O3

0 nT
i

]
hci

Gi(roi) =

[
I3 O3

S(roi) ni

]
.

The transmitted for
e 
an be written in terms of 
omponents hti =

[f ti
mti ]

T
where f ti

∈ ℜ3
is the 
onta
t for
es and mti the torsional

moment, around n̂i; thus, a de�nition of the fri
tion 
one, a

ording

to [52℄, 
an be stated as

Fi =

{
hti∈ℜ4:

1

µi

√
|tTi hti |

2 + |kT
i hti |

2 +
1

sνi
|mti | ≤ |nT

i hti |

}
,

(2.69)

where νi is torsional fri
tion 
oe�
ient and a is a 
hara
teristi
 length

of the obje
t that makes measurement units 
onsistent.

• Rigid 
onta
t: the �nger 
an be thought as "welded" on the obje
t.

Thus, nt = 6

hti = I3hci

Gi(roi) = Gci(roi).
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From equation (2.67), assuming that rank(G(ro)) = 6 and the null spa
e

of G(ro), hereafter N (G), is not trivial, 
onta
t generalized for
es 
an be


omputed via the following

ht = G
†
W (ro) (Bov̇o +C(vo)vo + go − he) +NGW

htI , (2.70)

where G
†
W and NGw

represent a weighted right pseudo-inverse and a null

proje
tor of the grasp matrix, respe
tively, while the matrix of weights, W ,

depends on the 
onta
t model and 
an be 
hosen a

ording to [4℄; htI ∈ ℜ6N
,

i.e. the internal 
onta
t for
es, are wren
hes not a�e
ting the obje
t motion,

that represent internal stresses applied to the obje
t. On the other hand,


onta
t for
es whi
h generate the obje
t motion,

htE = G
†
W (ro) (Bov̇o +C(vo)vo + go − he) , (2.71)

are 
alled external 
onta
t for
es, hcE . The for
es exerted by �ngertips on

the obje
t are the sum of the internal 
onta
t for
es and the external ones

ht = htE + htI . (2.72)

2.6.1 Grasp restraint

The most fundamental requirements in grasping and dexterous manipulation

are the abilities to hold an obje
t in equilibrium and 
ontrol the position and

orientation of the grasped obje
t relative to the palm of the hand. The two

most useful 
hara
terizations of grasp restraint are for
e 
losure and form


losure.

Form 
losure

A

ording to [52℄, a grasp has form 
losure if and only if

Gtnhtn = −hext

htn ≥ 0nc

}
∀hext ∈ ℜ6, (2.73)
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where the subs
ript tn emphasizes that 
onta
t point without fri
tion has

been 
onsidered and hext is an arbitrary ve
tor of ℜ6
representing all possible

external for
es a
ting on the obje
t. It is worth pointing out that inequalities

referred to ve
tors, as in (2.73), should be 
onsidered element-wise. The

physi
al interpretation of this 
ondition is that equilibrium 
an be maintained

under the 
onservative assumption that the 
onta
ts are fri
tionless as shown

if Figure 2.3.

Figure 2.3: Example of form 
losure. Image extra
ted from the Handbook

of Roboti
s [52℄.

Under the hypothesis that Gtn is full row rank, i.e., rank(Gtn) = 6, and

has more 
olumns than rows, it is well known that the general solution of

(2.73) is of the form

htn = hnp + αhhn0, (2.74)

where hnp is the parti
ular solution representing the ve
tor sta
king 
onta
t

for
es whi
h balan
e the external wren
h, i.e. Gtnhnp = −hext, αhhn0 is

the homogeneous solution, αh > 0 is a s
alar and hn0 is a ve
tor of normal


onta
t for
es whi
h lies in the null spa
e N (Gtn) of Gtn . More in detail,

if the dimension of N (Gtn) is h (i.e., dim(N (Gtn)) = h), then the ve
tor of

internal for
es hn0 
an be written as

hn0 = hh +
αh−1

αh

hh−1 + . . .+
α1

αh

h1, (2.75)
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where αi (i = 1, 2, . . . , h) are s
alars and the set {h1,h2, . . . ,hh} forms a

basis for N (Gtn).

By using the same argument used in [35℄, it is easy to show that if there

exists a suitable 
hoi
e of 
oe�
ients {α1, . . . , αh−1} su
h that hn0 > 0, htn


an be made non negative by 
hoosing αh large enough; thus, the following

equivalent 
ondition for form 
losure 
an be stated

Gtnhn0 = 06,

hn0 > 0nc
.

(2.76)

The geometri
 interpretation of form 
losure suggests that the positive span

of the 
olumns of Gtn must in
lude the origin of the wren
h spa
e. This

means that there exists a set of stri
tly 
ompressive normal 
onta
t for
es in

the null spa
e of Gtn . In other words, the obje
t 
an be squeezed as tightly

as desired while maintaining equilibrium.

Let us 
onsider the 
ase in whi
h the obje
t is 
onstrained, along some

dire
tions, by means of a bilateral 
onstraint. A bilateral 
onstraint, a
ting

at some point on the obje
t, 
an be expressed, at velo
ity level, as

F Tvo = 0, (2.77)

where F ∈ ℜ6×nρ
is the matrix whose 
olumns de�ne the dire
tion along

whi
h the obje
t is 
onstrained and nρ represents the number of degrees of

freedom lost. It is reasonable to assume that nρ = rank(F ), sin
e otherwise

the 
onstraints would be redundant.

An obje
t twist whi
h satis�es (2.77) must lie in the null spa
e of F T

vo = N
(
F T

)
ρ, (2.78)

where N
(
F T

)
∈ ℜ6×nρ

is a matrix whose 
olumns form a basis for the

null spa
e of F T
denoted as N

(
F T

)
, ρ is an arbitrary ve
tor in ℜnρ

. Note

that the dimension N
(
F T

)
is nρ = 6 − nρ. Sin
e the 
olumns of N

(
F T

)
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form a basis for N (F ), i.e., F TN
(
F T

)
= O, it 
an be re
ognized that also

AFF = O with AF =
(
N

(
F T

))T
, and thus (2.78) 
an be rewritten as

vo = AT
Fρ. (2.79)

A de�nition of form 
losure similar to (2.73) 
an be derived by 
onsidering

the grasped obje
t at the equilibrium and applying the Prin
iple of Virtual

Work. Sin
e the system is in equilibrium, the virtual work, δU , asso
iated

with a small displa
ement of the obje
t δu, 
ompatible with the 
onstraint,

must be zero

δU = δuT(Gtnhtn + Fhb + hext) = 0, (2.80)

where hb ∈ ℜnρ
is the ve
tor of the bilateral 
onstraint rea
tions, hext is an

arbitrary ve
tor in ℜ6
representing an external wren
h a
ting on the obje
t.

For small virtual displa
ement the following equality holds

δu = voδt, (2.81)

whi
h allows one to rewrite (2.80) as

δU = δtvT
o (Gtnhnc

+ Fhb + hext) = 0, (2.82)

By re
alling (2.79) and the fa
t that AFF = O, or equivalently, the fa
t that

the virtual work of bilateral 
onstraints must be zero, the (2.82) be
omes

ρTAF (Gtnhnc
+ hext) = 0. (2.83)

By de�ning Gtn ∈ ℜ6nρ×nc
as

Gtn = AFGtn ,

and hext ∈ ℜnρ
as

hext = AFhext,
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equation (2.83) yields

Gtnhn = −hext. (2.84)

It is worth remarking that rank(Gtn) ≤ nρ < 6, sin
e the bilateral 
onstraints

remove some of the obje
t's degrees of freedom. Hen
e, the de�nition of form


losure for bilateral 
onstrained obje
ts 
an be stated as follows

Gtnhtn = −hext,

htn ≥ 0nc
.

(2.85)

whi
h is formally analogous to the de�nition given in [52℄.

Under the assumption that Gtn is full row rank, i.e., rank(Gtn) = nρ, and

has more 
olumns than rows, it is well known that the general solution of

(2.84) is of the form

htn = hnp + αhhn0, (2.86)

where hnp is the parti
ular solution, i.e. Gtnhnp = −hext, αhhn0 is the

homogeneous solution, being αh > 0 a s
alar and hn0 a ve
tor of normal


onta
t for
es whi
h lies in the null spa
e N (Gtn) of Gtn . More in detail,

if the dimension of N (Gtn) is h (i.e., dim(N (Gtn)) = h), then the ve
tor of

internal for
es hn0 
an be written as

hn0 = hh +
αh−1

αh

hh−1 + . . .+
α1

αh

h1, (2.87)

where αi (i = 1, 2, . . . , h) are s
alars and the set {h1,h2, . . . ,hh} forms a

basis for N (Gtn). By using the same argument used in [35℄, it is easy to

show that if there exists a suitable 
hoi
e of 
oe�
ients {α1, . . . , αh−1} su
h

that hn0 > 0, htn 
an be made non negative by 
hoosing αh large enough;

thus, the following equivalent 
ondition for form 
losure 
an be stated

Gtnhn0 = 0nρ
,

hn0 > 0nc
.

(2.88)
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The geometri
 interpretation of form 
losure with bilateral 
onstraints is

analogous to that adopted in the 
ase without bilateral 
onstraints - the pos-

itive span of the 
olumns of Gtn must in
lude the origin of the wren
h spa
e.

This is the wren
h spa
e of redu
ed dimension formed by eliminating the

wren
h spa
e asso
iated with the bilateral 
onstraints. Also, it is 
onvenient

to express the null spa
e of Gtn as follows

N
(
Gtn

)
= R(Gtn) ∩ N (AF ) . (2.89)

where R denotes the range of a matrix.

Fri
tional form 
losure and for
e 
losure

The 
ommon de�nition of fri
tional form 
losure 
an be written as

Gtht = −hext

ht ∈ F



 ∀ hext ∈ ℜ6, (2.90)

where F is the 
omposite fri
tion 
one de�ned as:

F = F1 × · · · × Fnc
= {ht ∈ ℜnt | hi ∈ Fi; i = 1, ..., nc},

being Fi the fri
tion 
one at the ith 
onta
t point. This de�nition requires

that ea
h 
onta
t for
e must lie in its fri
tion 
one and does not 
onsider the

hand's ability to 
ontrol 
onta
t for
es, sin
e there is no dependen
y on the

manipulation system.

A grasp has for
e 
losure if and only

Gtht = −hext

ht ∈ F

N (Gt) ∩ N (JT
fc
) = 0





∀ hext ∈ ℜ6. (2.91)

The for
e 
losure de�nition is similar but stri
ter than fri
tional form 
losure;

as depi
ted in Figure 2.4, it additionally requires that the hand be able to
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Figure 2.4: Example of for
e 
losure. Image extra
ted from the Handbook

of Roboti
s [52℄.


ontrol the internal obje
t for
es as required by the last 
ondition in (2.91).

In the 
ase of bilateral 
onstrained obje
ts, the prin
iple of virtual works,

with referen
e to an equilibrium 
on�guration of the obje
t, allows one to

write

δU = δt ρTAF (Gtht + Fhb + hext) = 0. (2.92)

where Gt ∈ ℜ6×ntnc
is the grasp matrix, ht ∈ ℜntnc

is the ve
tor sta
king

all 
onta
t wren
hes in
luding fri
tion 
omponents. By re
ognizing that the

virtual work asso
iated to the bilateral 
onstraints must be zero, it follows

that

δU = ρTAF (Gtht + hext) = 0; (2.93)

thus, by de�ning Gt = AFGt, the following de�nitions 
an be stated:

• Fri
tional form 
losure. A grasp is said to have fri
tional form 
losure
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if and only if

Gtht = −hext

ht ∈ F



 ∀ hext ∈ ℜ6, (2.94)

• For
e 
losure. A grasp is said to have for
e 
losure if and only if

Gtht = −hext

ht ∈ F

N (Gt) ∩ N (JT
fc
) = 0





∀ hext ∈ ℜ6, (2.95)

where F denotes the 
omposite fri
tion 
one and Jfc is the hand ja
obian.



Chapter 3

Control S
heme with redundan
y

resolution

Multi-arm systems equipped with roboti
s hands are, generally, kinemati
ally

redundant, i.e. they have more DOFs then those required by the assigned

task. The redundan
y is often a desired feature: it allows to a
hieve se
-

ondary obje
tives (e.g., maximize dexterity, avoid obsta
les) in addition to

the primary manipulation task. In this 
hapter, an on-line planner is pro-

posed in order to exe
ute multiple tasks at di�erent priority, by ensuring, at

the same time, that both environmental (obsta
les or human in the robots'

workspa
e) and me
hani
al 
onstraints (e.g., joint limits) are always satis�ed.

Moreover, sin
e the number of a
tive tasks 
an 
hange dynami
ally, smooth

behavior of the system is guaranteed when a task is dea
tivated/rea
tivated.

For
es are 
ontrolled via a parallel for
e/position s
heme.

53
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3.1 Control ar
hite
ture

In order to exploit the redundan
y of the multi-arm/hand system, the fol-

lowing two-stage 
ontrol ar
hite
ture is proposed:

Inverse 

kinema�cs

Redundancy

resolu�on

Arm control and 

finger force / pose

controller

Robot + object

νo
d

To
d

q
d

η
d

f d

q
.
q

f

q
.
d

η
.
d

Planner

∫
+

+

+

f d

Figure 3.1: Blo
k s
heme of the 
ontrol ar
hite
ture

• the �rst stage is a motion planner, given by a 
losed-loop inverse kine-

mati
s algorithm with redundan
y resolution; the algorithm 
omputes

the joint referen
es for the a
tive joints 
orresponding to a desired ob-

je
t's motion �assigned in terms of the homogeneous transformation

matrix T od and the 
orresponding twist velo
ity ve
tor υod� and to the

desired 
onta
t normal for
e f d =
[
fd1 · · · fdN

]T
for the �ngers;

• the se
ond stage is a parallel 
ontrol s
heme, 
omposed by a PD position


ontroller and a PI tip for
e 
ontroller; the 
ontroller ensures tra
king

of the desired joint motion referen
es 
omputed in the �rst stage and

the desired 
onta
t for
es.

In ideal 
onditions, the joint referen
es 
omputed by the inverse kinemati
s

stage ensure tra
king of the desired obje
t motion. Tra
king of the desired


onta
t for
es is guaranteed by for
e 
ontrol, assuming that for
e sensors at

the �ngertips are available. In prin
iple, the joint referen
es of the overall
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manipulation system 
ould be 
ontrolled; however, it is reasonable to design

a for
e 
ontroller a
ting only on the joints of the �ngers.

3.1.1 Planner

As it will be detailed int next se
tion, a for
e 
ontrol strategy is adopted

to ensure a desired 
onstant 
onta
t for
es fdj along the dire
tion normal

to the 
onta
t point. Hen
e, by assuming point 
onta
t model and that

∆lj = ∆ldj = fdj/kj is �xed (∆l̇j = 0) Equation (2.18) 
an be rewritten as

JFj
(qj)q̇j + Jηj (ηj , qj ,∆lj)η̇j = G̃

T

j (ηj ,∆lj)υo, (3.1)

where the subs
ript j labels the �nger. It is worth re
alling that equation

(3.1) 
an be seen as the di�erential kinemati
s of an extended �nger whi
h

in
ludes the arm kinemati
 
hain, the j �nger a
tive and passive foint. Let be

N =
∑na

j=1Nj the total number of �nger, or equivalently of 
onta
t points,

with Ni number of �nger belonging to the ith arm/hand system and na

number of arms 
omposing the manipulation system, then the di�erential

kinemati
s of the whole system 
an be written as

J̃(q̃,∆l) ˙̃q = G̃
T
(η,∆l)υ̃o, (3.2)

where q̃ =
[
qT ηT

]T
, J̃ =

[
J Jη

]
, J is the Ja
obian of the arm-hand sys-

tem de�ned in (2.6), Jη = diag{Jη1 , · · · ,JηN} is a blo
k-diagonal matrix 
or-

responding to the ve
tor of passive joint velo
ities , η̇ =
[
η̇T
1 · · · η̇T

N

]T
, G̃

is the blo
k-diagonal grasp matrix G̃ = diag{G1, · · · ,GN},∆l =
[
∆l1 · · ·∆lN

]T

and υ̃o =
[
υT
o · · · υT

o

]T
. If a minimal representation is 
hosen to parametrize

obje
t orientation, from (3.2) the following 
losed-loop inverse kinemati
s al-

gorithm 
an be derived

˙̃qd = J̃
†
(q̃d,∆ld)G̃

T
(ηd,∆ld)ẋc +N oσ,

ẋc = Γ̃ (x̃o) ( ˙̃xod +Koẽo),
(3.3)
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where the symbol † denotes a weighted right pseudo-inverse, Ko is a diagonal

and positive de�nite matrix gain, N o = I − J̃
†
J̃ is a proje
tor onto the null

spa
e of the Ja
obian matrix J̃ and

x̃od =




xod

.

.

.

xod


 , x̃o =




xo1

.

.

.

xoN


 , ẽo =




eo1

.

.

.

eoN


 , (3.4)

Γ̃ (x̃o) = diag{Γ (xo1) , . . . ,Γ (xoN )}, (3.5)

where xod and xoj are the planned and the a
tual obje
t poses, respe
tively,

eoj = xod −xoj and Γ
(
xoj

)
is the transformation between ẋoj and the obje
t

velo
ity υoj , 
omputed on the basis of the kinemati
s of �nger i. The quantity

∆ld in (3.3) is the ve
tor 
olle
ting the �nger elasti
 pad deformations∆ldj =

fdj/kj 
orresponding to the desired 
onta
t for
e fdj .

If a quaternion based representation is 
hosen, the expression of ẋc results

to be slightly di�erent with respe
t to that in (3.3)

˙̃qd = J̃
†
(q̃d,∆ld)G̃

T
(ηd,∆ld)ẋc +N oσ,

ẋc = ˙̃xod +Koẽo,
(3.6)

where the error ẽoj is de�ned as

ẽoj =

[
pod

− poj

ǫ̃oj

]
,

where pod
and poj

are the palanned and the a
tual positions while ǫ̃o,j is

the ve
tor part of the unit quaternion Q̃oj extra
t from the rotation matrix

R̃oj = RT
od
Roj , with Rod and Roj representing the desired and a
tual obje
t

orientation, 
omputed via the forward kinemati
s of the extended �nger.

Sin
e the system may be highly redundant, multiple tasks 
ould be ful-

�lled, provided that they are suitably arranged in a priority order. Consider

m se
ondary tasks, ea
h expressed by a task fun
tion σth(q̃) (h = 1, . . . , m).
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A

ording to the augmented proje
tion method [2℄, the null proje
tion 
an be

better detailed as

˙̃qd = J̃
†
(q̃d,∆ld)G̃

T
(ηd,∆ld)ẋc +

m∑

h=1

N(JA
th
)J †

th
Ktheth, (3.7)

where J th is the hth task Ja
obian, JA
th
is the augmented Ja
obian, given by

JA
th
=

[
J̃

T
JT

t1
. . . JT

th−1

]T
. (3.8)

N(JA
th
) is a null proje
tor of the matrix JA

th
, Kth is a positive de�nite gain

matrix and eth = σthd
−σth is the task error, being σthd

the desired value of

the hth task variable.

The augmented proje
tion method 
an be also adopted to ful�ll me
hani-


al or environmental 
onstraints, su
h as joint limits and obsta
le (i.e., other

�ngers or the grasped obje
t) avoidan
e. To this aim, ea
h 
onstraint 
an

be des
ribed by means of a 
ost fun
tion, C(q̃), whi
h in
reases when the

manipulator is 
lose to violate the 
onstraint. In order to minimize the 
ost

fun
tion, the manipulator 
ould be moved a

ording to −∇T
q̃C(q̃), that 
ould

be 
onsidered as a �
titious for
e moving the manipulator away from 
on-

�gurations violating the 
onstraints. In order to in
lude the 
onstraints in

(3.7), an overall 
ost fun
tion CΣ, given by

CΣ(q̃) =
∑

s

γsCs(q̃), (3.9)

is introdu
ed, where γs and Cs are a positive weight and a 
ost fun
tion,

respe
tively, referred to the sth 
onstraint. Therefore, the following term


an be added to (3.7)

˙̃qc = −k∇N(JA
tm+1

)∇T
q̃

d

CΣ, (3.10)

where k∇ is a positive gain.

If the system is 
lose to violate a 
onstraint, a high level supervisor has
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to remove some se
ondary tasks and relax enough DOFs to ful�ll the 
on-

straints [34℄. To manage in a 
orre
t way removal/insertion of tasks from/into

the sta
k (task sequen
ing), a task supervisor, based on a two-layer ar
hite
-

ture, 
an be designed: the lower layer determines when some tasks must be

removed from the sta
k and the tasks to be removed; then, the upper layer

veri�es if the previously removed tasks 
an be pushed ba
k into the sta
k.

Removal and insertion of the tasks

The �rst layer veri�es if the planned traje
tory will 
ause a 
onstraint vio-

lation at the next time step. Hen
e, a task must be removed from the sta
k

when the predi
ted value of the overall 
ost fun
tion at the next time step

is above a suitable de�ned threshold, C. Let T be the sampling time and κT

the a
tual time (where κ is an integer), the 
on�guration at the time instant

(κ+ 1)T 
an be estimated as follows

̂̃qd(κ+ 1) = q̃d(κ) + T ˙̃qd(κ). (3.11)

Hen
e, a task must be removed from the sta
k if

CΣ
(
̂̃qd(κ + 1)

)
≥ C. (3.12)

On
e it has been as
ertained that a task must be removed from the sta
k,

the problem is to dete
t whi
h task has to be removed. To the purpose,

di�erent 
riteria have been proposed in [34℄, with the aim of verifying the


on�i
t between the 
onstraints and ea
h task. In detail, in [34℄ two 
riteria

are presented: the �rst one 
ompares the velo
ities indu
ed by a subtask

and by the gradient of CΣ; the se
ond 
riterion 
onsiders the proje
tion of

the gradient onto the null spa
e of the task Ja
obians. A new 
riterion

is presented. Given two generi
 tasks, whose Ja
obians are J tx and J ty ,

respe
tively, they are de�ned as annihilating [2℄ if

J txJ
†
ty
= O. (3.13)
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The annihilation 
ondition 
an be 
onsidered as a 
ompatibility 
ondition be-

tween the tasks, sin
e it is equivalent to the orthogonality 
ondition between

the subspa
es spanned by JT
tx
and JT

ty
. Therefore, in order to sele
t the se
-

ondary task less 
ompatible with the 
onstraints, the following 
ompatibility

metri
 
an be introdu
ed

Mth =
∥∥∥∇T

q̃
d

CΣ J
†
th

∥∥∥ , h = 1, . . . , m. (3.14)

The more Mth is 
lose to zero the more the hth task is 
ompatible with the


onstraints: hen
e, the task having the maximum value of Mth is removed.

The tasks removed by the �rst layer must be reinserted into the sta
k

as soon as possible, provided that the reinsertion does not 
ause 
onstraint

violation. To this aim, a predi
tion of the evolution of CΣ at the next time

step is evaluated by 
onsidering the e�e
t of ea
h task 
urrently out of the

sta
k, i.e.,

̂̃qth
(κ+ 1) = q̃d(κ) + J

†
th
eth(κ). (3.15)

Therefore, let C < C be a suitably 
hosen threshold, a task is pushed ba
k

into the sta
k if

CΣ
(
̂̃qth

(κ+ 1)
)
≤ C. (3.16)

Smooth transition

Task sequen
ing might 
ause dis
ontinuities in the planned joint velo
ities

due to the 
hange of a
tive tasks in the sta
k [34, 64℄. In order to a
hieve a

smooth behavior of the motion planner output, for ea
h task a variable gain,

ρth , is de�ned in su
h a way to behave a

ording to the following dynami
s

• rea
tivation

ρ̇th + µρth = µδ−1(t− τ), ρth(0) = 0, (3.17)

• dea
tivation

ρ̇th + µρth = µ− µδ−1(t− τ ′), ρth(0) = 1, (3.18)
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where τ and τ ′ are the time instant in whi
h the task is inserted into the

sta
k and the time instant in whi
h it is removed, respe
tively, and 1/µ is

a time 
onstant. Sin
e the sistems de�ned in (3.17) and (3.18) are linear

�rst order system, it is trivial to show that the time evolution of ρth is the

following

ρth(t) =




1− e−µ(t−τ), rea
tivation requested at time istant τ ,

e−µ(t−τ ′), dea
tivation requested at time instant τ ′,
(3.19)

These gains guarantee the 
ontinuity of the planned joint velo
ity,

˙̃qd, during

the insertion and removal of the tasks.

In sum, the planned joint referen
e ve
tor for the 
ontroller is 
omputed

via

˙̃qd = J̃
†
(q̃d,∆ld)G̃

T
(ηd,∆ld)ẋc +

m∑

h=1

ρthN(JA
th
)J†

th
Ktheth

− k∇N(JA
tm+1

)∇T
q̃

d

CΣ. (3.20)

3.1.2 Parallel for
e/pose 
ontrol

Sin
e the motion planner provides joint referen
es (i.e., qd and q̇d) of the over-

all dual-arm/hand system, any kind of joint motion 
ontrol 
an be adopted

for the arms, while joint torques for the jth �nger are 
omputed a

ording

to the following parallel for
e/pose 
ontrol law in the operational spa
e

JT
j (qj)

(
KP∆xj −KDẋj + fdj + kF∆fnj

+kI

∫ t

0

∆fnjdζ + gj(qj)

)
,

(3.21)

where gj(qj) is the ve
tor of the generalized gravity for
e a
ting on �nger

j, ∆xj denotes the pose error of �nger j between the desired value xjd, 
or-

responding to qdj
, and the 
urrent one, xj , with respe
t to the palm frame
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Σrh (or Σlh), KP , KD are gain matri
es, kF , kI are positive s
alar gains and

∆fnj
=

[
∆fnj

n̂T
j 0T

]T
, being ∆fnj

the proje
tion of the for
e error along

the normal to the obje
t surfa
e, n̂j , at the 
onta
t point j.

Control law (3.21) allows to tra
k the assigned 
onta
t for
es whi
h are, in

turn, imposed to avoid 
onta
t breaks or ex
essive stresses on the manipu-

lated obje
t, even in the presen
e of un
ertainties.

3.1.3 Stability analysis

In order to prove stability of the system under the 
ontrol law (3.21) the

dynami
 model in the operational spa
e [63℄ of the ith �nger should be 
on-

sidered

M j(xj)ẍj +Cj (xj , ẋj) ẋj + gj(xj) = uj − f j, (3.22)

where M j is the (6 × 6) inertia matrix of the jth �nger, Cj is the (6 × 6)

matrix 
olle
ting the 
entrifugal and Coriolis terms, f j is the (6×1) ve
tor of

generalized 
onta
t for
es (a
ting at the �ngertip), uj is the (6×1) ve
tor of

driving generalized for
es, through whi
h the 
ontrol torques 
an be obtained

via

τ j = JT
j (qj)uj . (3.23)

Hereafter the subs
ript j will be dropped for notation 
ompa
tness. The

following properties hold [30, 62, 63℄:

1. M is symmetri
 and positive de�nite; therefore, if λm (·) (λM (·)) de-

notes the minimum (maximum) eigenvalue, it is

0 < λm (M) I6 ≤ M (x) ≤ λM (M) I6, (3.24)

where λM (M) < ∞ if all joints are revolute.

2. There always exists a 
hoi
e of C su
h that

Ṁ (x) = C (x, ẋ) +CT (x, ẋ) , (3.25)
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moreover, C 
an be upper-bounded as follows ẋ

‖C (x, ẋ) ‖ ≤ kc‖ẋ‖, (3.26)

with kc > 0.

The following assumptions have been 
onsidered

Assumption 1. Pose and for
e referen
es are 
onstant, i.e., ẋd = ḟd = 0.

Assumption 2. Quasi-stati
 obje
t manipulation, i.e., υ̇o = υo = 0.

Assumption 3. The for
e along the normal to the 
onta
t surfa
e is assumed

of elasti
 type, i.e., fn = k∆ln̂ = fnn̂.

Assumption 4. The obje
t has a 
onvex surfa
e. For this kind of obje
ts and

for quasi-stati
 manipulation the time derivative of the unit ve
tor normal to

obje
t surfa
e at 
onta
t point (see the Appendix A.1 for further details), 
an

be norm bounded as follows

‖ ˙̂n‖ ≤ kn‖ṗf‖, (3.27)

where pf = ofj − oh is the position of Σfj with respe
t to the palm frame Σh

expressed in base frame 
oordinates.

By taking into a

ount the elasti
ity of the normal for
e (Assumption

3) and by 
onsidering the obje
t quasi-stati
 (Assumption 2) the following

relationship between the for
e and position errors 
an be derived

∆fn = k (∆ld −∆l) = knT∆x, (3.28)

where n =
[
n̂T 0T

]T
is a (6 × 1) unit ve
tor. By virtue of the integral

a
tion in (3.21) and equation (3.28), the system (3.22) under the 
ontrol law

(3.21) has a unique equilibrium at x∞ = xd and fn∞
= fd (see Appendix

A.2).
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In order to study the stability of the equilibrium, it is 
onvenient to


onsider a (13× 1) state ve
tor [62℄

z =




z1

z2

z3


 =




∆ẋ

∆x

∆s


 , (3.29)

where

∆s = s∞ − s = s∞ −

∫ t

0

(
∆fn −

k

ρ
ṅT∆x

)
dζ, (3.30)

ρ is a positive 
onstant, k is the sti�ness of the elasti
 pad and s∞ is the value

of s at the equilibrium (the expli
it expression of s∞ is given in Appendix

A.3). The augmented state dynami
s is thus given by

ż = Az + b, (3.31)

with

A =




−M−1 (C +KD) −M−1 (KP + F ) kIM
−1n

I O 0

0 −k

(
n−

ṅ

ρ

)T

0


 , (3.32)

b =
[
kIIn

(
M−1n

)T
0T 0

]T
, (3.33)

where the dependen
ies of M and C upon x and ẋ have been dropped,

F = (1 + kf )knn
T
and

In = −s∞ −

∫ t

0

k

ρ
ṅT∆xdζ. (3.34)

Theorem 1. There exists a set of parameters KP , KD, kf and kI su
h that

z1 and z2 are lo
ally asymptoti
ally 
onvergent to 0.
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Proof of Theorem 1 is given in Appendix A.4.

Sin
e ∆ẋ and ∆x are asymptoti
ally 
onvergent to 0, by re
alling (3.28)

it 
an be seen that ∆fn asymptoti
ally 
onverges to 0 as well.

It is worth noti
ing that, di�erently from [62℄, it has been proven that

system (3.22), under the 
ontrol law (3.21), is lo
ally stable even when a

non-planar 
onvex surfa
e is 
onsidered.

3.2 Case study

The proposed s
heme has been tested in simulation on a dual-arm/hand ma-

nipulation system (Figure 3.2) grasping a 
ardboard box. The manipulation

system is 
omposed by two identi
al planar arm, with 2 DOFs ea
h, and

two planar two-�ngered hands, with 3+2 DOFs ea
h, resulting in a total of

N = 4 �ngers and 14 a
tive joints.

3.2.1 Set-up 
on�guration

It is assumed that, in its initial 
on�guration, the system grasps the obje
t

with tips 1 and 2, ensuring for
e 
losure, sin
e the 
onta
t normal for
es are

a
ting on the same straight line, while tips 3 and 4 are also in 
onta
t but in

arbitrary way. The main task 
onsists in keeping the obje
t still, thanks to

�ngers 1 and 2, while tips 3 and 4 move in order to a
hieve a for
e 
losure


ondition upon the obje
t in a dexterous 
on�guration, without violating a


ertain number of limits and 
onstraints. The for
e 
ontrol loop ensures that

the planned for
es are applied on the obje
t. In this 
ase study, the desired

for
es for tips 3 and 4 are set 
lose to zero, sin
e they have to slide, but not

exa
tly zero, be
ause 
onta
t 
ontinuity should be ensured during the whole

motion. Con
erning �ngers 1 and 2, higher values of 
onta
t for
es have been


onsidered in su
h a way to hold the obje
t without ex
essive stresses.
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Figure 3.2: Dual-arm/hand experimental set-up whi
h has been built by

using the Bioloid


©
Expert Kit. The red numbers label the joints. The blue

numbers indi
ate the tips of the �ngers.

The planner ((3.20)) and the 
ontroller ((3.21)) have been developed in

the Matlab


©
environment, while GRASPIT! has been used as dynami
 sim-

ulator.

3.2.2 Dynami
 simulation environment

GRASPIT! o�ers a dynami
 engine whi
h allows to deal with 
onta
t me-


hani
s in a realisti
 way, sin
e it is possible to simulate hard �nger 
on-

ta
ts (as well as point 
onta
ts without fri
tion) ful�lling non-penetration


onstraints. Fri
tional for
es and non-penetration 
onstraints are expressed

via inequalities; thus, a Linear Complementary Problem (LCP) is solved by

GRASPIT!, at ea
h time step, by using Lemke's algorithm [37℄. Moreover,



Chapter 3. Control S
heme with redundan
y resolution

66

a 
ollision dete
tion system a
ts in su
h a way to prevent 
ollisions within

bodies as well as to identify and mark 
onta
t regions.

GRASPIT! also provides C-MEX fun
tions whi
h allow 
ommuni
ation

with Matlab


©
: it is possible to assign joint torques (only when the dynami


mode is enabled) to the manipulation system, as well as, to read joint po-

sitions and 
onta
t for
es. Some modi�
ations to the sour
e 
ode of the

simulation software have been done in order to retrieve end-e�e
tor pose,


hoose the referen
e frame in whi
h 
onta
t for
es are provided to Matlab


©

and in
lude the prismati
 dynami
 joint 
lass

1

.

The dual-arm/hand system model has been added to the GRASPIT!

robot library; a

urate values of mass and geometri
 parameters have been

set on the basis of available datasheets.

The elasti
 
onta
t, des
ribed in Se
tion 2.3.2, has been modeled by using

a rotational joint and a prismati
 one, a
ting like a spring-damper systems,

isu
h that the elasti
 for
e a
ts only along the dire
tion of the obje
t surfa
e

normal at ea
h 
onta
t point.

3.2.3 Se
ondary tasks and 
onstraints

Di�erent se
ondary tasks have been 
onsidered: the �rst two, aimed at 
hoos-

ing the optimal 
onta
t points, are related to the grasp for
e-
losure 
ondi-

tion, the other one is related to a measure of the grasp quality, while the

last one regards the manipulability of the dual-arm/hand system. On the

other hand, two physi
al 
onstraints have been 
onsidered: joint limits and


ollision avoidan
e.

Unit fri
tionless equilibrium. By moving the 
onta
t points on the obje
t

surfa
e until the unit fri
tionless equilibrium is rea
hed, it is possible to

1

The modi�ed sour
e 
ode of GRASPIT! is available for download for Linux at

http://www.unibas.it/automati
a/laboratory.html
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guarantee the grasp for
e-
losure 
ondition [42℄. Su
h equilibrium is satis�ed

when two positive indi
es, 
alled fri
tionless for
e (εf) and moment (εm)

residuals, are zero [18, 50℄

εf =
1

2
fTf f =

N∑

i=1

n̂o
i ,

εm =
1

2
mTm m =

N∑

i=1

coi × n̂o
i ,

(3.35)

where N = 4 is the number of �ngers and n̂o
i (ξi) is the surfa
e normal of

the ith 
onta
t point, referred to the obje
t frame. It has been shown that,

for two or more 
onta
t points, unit fri
tionless equilibrium is a for
e 
losure


ondition for any nonzero fri
tion 
oe�
ient [50, 51℄.

The Ja
obian matrix of the unit fri
tionless for
e residual is given by

J εf =
∂εf
∂q̃

=
∂εf
∂f

∂f

∂ξ

∂ξ

∂q̃
= fT∂f

∂ξ

∂ξ

∂q̃
, (3.36)

where ξ =
[
ξT
1 · · · ξTN

]T
and

∂f

∂ξ
=

[
∂n̂o

1

∂ξ1

· · ·
∂n̂o

N

∂ξN

]
. As for the unit

fri
tionless momentum residual the Ja
obian 
an be 
omputed as

J εm =
∂εm
∂q̃

=
∂εm
∂m

∂m

∂ξ

∂ξ

∂q̃
= mT∂m

∂ξ

∂ξ

∂q̃
, (3.37)

with

∂m

∂ξ
=

[
∂(co1 × n̂o

1)

∂ξ1

· · ·
∂(coN × n̂o

N)

∂ξN

]
.

It is worth noti
ing that, sin
e the 
onsidered obje
t is re
tangular and

the opposite �ngers of ea
h hand are on the opposite sides of the re
tangle,

the for
e residual index is always zero during the whole 
ase study, therefore

it is not 
onsidered in the following.

Grasp quality. The unit fri
tionless equilibrium is ne
essary to a
hieve

the positions of the �ngertips on the obje
t surfa
e ensuring that the external

wren
hes a
ting on the obje
t 
an be balan
ed by the �ngers. A subset of

these positions might be sele
ted a

ording to a grasp quality index. In
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general, several indexes 
an be 
onsidered: in this 
ase study, the �ngers

are 
ommanded to rea
h a symmetri
 position with respe
t to the obje
t's


enter. In detail, the following task fun
tion is 
onsidered

σsi =




|ξdi − ξi| if |ξdi − ξi| > ξi,

0 otherwise,
(3.38)

where ξi is a threshold for the task a
tivation and ξdi is the desired value

for the ith �nger 
onta
t variable, with i = 3, 4. The desired value, σdsi
, is

zero. The meaning of (3.38) is that the 
onta
t variables for �ngers 3 and

4, the only �ngers that 
an slide, should rea
h the desired position on the

obje
t, represented by the values ξd3 and ξd4, on the basis of the positions of

the �ngers 1 and 2 on the obje
t, denoted by the 
onstant values ξ1 and ξ2,

respe
tively.

Let σs =
[
σs3 σs4

]T
, the Ja
obian Jσs

(ξ) for the symmetri
 grasp sub-

task 
an be 
omputed as

Jσs
(ξ) =

∂σs

∂ξ

∂ξ

∂q̃
, (3.39)

where

∂σsi

∂ξj
=





0, if i 6= j

∂σsi

∂ξi
, if i = j

,

and

∂σsi

∂ξi
=




−sign(ξdi − ξi), if |ξdi − ξi| > ξi

0, otherwise
.

Manipulability. In order to keep the manipulation system far from singu-

larities, the manipulability index presented in [63℄ 
an be 
onsidered for the

ith �nger

wi(qi) =
√
det

(
JFi

(qi)J
T
Fi
(qi)

)
, i = 1, . . . , 4. (3.40)
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However, a simpli�ed manipulability index, 
omputationally simpler than

(3.40) but still des
ribing in an e�e
tive way the distan
e from kinemati


singularities, is adopted for the 
onsidered set-up, i.e.,

w1 = 0.5 (s22 + s23 + s24 + s25)

w2 = 0.5 (s22 + s26 + s27)

w3 = 0.5 (s29 + s210 + s211 + s212)

w4 = 0.5 (s29 + s213 + s214)

(3.41)

where sα = sin(qα).

Hen
e, the following task fun
tion is 
onsidered

σwi
=




|wdi − wi| if |wdi − wi| > wi,

0 otherwise,

(3.42)

where wi is a threshold for the task a
tivation and wdi is the desired value

for the ith �nger manipulability, with i = 1, . . . , 4. The desired value, σdwi
,

is zero and a ve
torial task fun
tion σw =
[
σw1

. . . σw4

]T
is 
onsidered.

The Ja
obian Jσw
(q) for the manipulability subtask 
an be 
omputed as

Jσw
(q) =

∂σw

∂q

∂q

∂q̃
, (3.43)

where

∂wsi

∂qj
=





0, if i 6= j

∂σwi

∂qi
, if i = j

,

and

∂σwi

∂qi
=





−sign(wdi − wi)
∂wi

∂qi
, if |wdi − wi| > wi

0, otherwise

.

Joint-limit avoidan
e. A physi
al 
onstraint to the motion of the system

is imposed by the me
hani
al joint limits. The system 
on�guration is 
on-

sidered safe if qj ∈ [q
j
, qj ], for j = 1, . . . , 14, with q

j
and qj suitable 
hosen
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values far enough from the me
hani
al limits. The related 
ost fun
tion is


hosen as follows

CJL(q) =
14∑

j=1

cj(qj),

cj(qj) =





kje
δ(qj−q

j
)2
− 1, if qj ≤ q

j
,

0, if q
j
< qj ≤ qj ,

kje
δ(qj−qj)

2

− 1, if qj > qj ,

(3.44)

where kj and δ are positive 
onstants.

Collision avoidan
e. In order to avoid 
ollisions between the �ngers, a

value of the distan
e between the �ngers larger than a safety value, ds it

is imposed; hen
e, if dii′ denotes the distan
e between the ith and the i′th

�nger, the following 
ost fun
tion 
an be 
onsidered

CCA(q̃) =
∑

i,i′

cii′(q̃), (3.45)

where the sum is extended to all the 
ouples of �ngers,

cii′(dii′) =





kii′
ds − dii′

d2ii′
, if dii′ ≤ ds,

0, if dii′ > ds,

(3.46)

and kii′ is a positive gain.

3.2.4 Simulation results

Parameters. The elasti
 
onta
t parameters are: 1000 N/m for the spring

elasti
 
oe�
ients, 20 Ns/m for the spring damper 
oe�
ients of all �ngers,

while li = 24.5·10−3
m is the spring rest position, with i = 1, . . . , 4. Con
ern-

ing the planner (3.20), the gain for the obje
t pose error has been tuned to

Ko = 450I12, while the pseudo-inverse of J̃ , J̃
†
= W−1J̃

T
(
J̃W−1J̃

T
)−1

,
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has been weighted by a matrix W = diag

([
4 4 e11 4 4 e11

])
, where

eα is a (1× α) ve
tor of ones, in order to limit the motion of the arms with

respe
t to that of �ngers, assuming that �ngers motion is less demanding

in terms of power 
onsumption. The obje
t is required to keep its initial

position

[
0 0.1

]T
m and orientation of 0 rad during the whole task.

The parameters used to de�ne the se
ondary tasks are 
hosen as follows:

ξi = 0, with i = 3, 4, ξd3 = −30 · 10−3
m, ξd4 = 84.5 · 10−3

m, for the quality

index subtask, wi = 0, with i = 1, . . . , 4, wd1 = wd3 = 1.80, wd2 = wd4 = 1.30,

for the manipulability subtask. Noti
e that both the a
tivation thresholds

have been put to zero in order to pre
isely rea
h their null error 
onditions.

Subtasks gains are set as follows: kt1 = 30, Kt2 = 73.5I2 and Kt3 = 180I4.

Sin
e the me
hani
al limits of ea
h joint are about ±1.74 rad, the follow-

ing safety thresholds for joint limits avoidan
e have been set: qj = 1.6 rad,

q
j
= −1.6 rad; moreover, the other parameters in (3.44) are δ = 2.2 and

kj = 2 for j = 1, . . . , 14. As for the 
ollision avoidan
e, the safety distan
e

ds has been set to 50 · 10−3
m and the gain kii′ is equal to 1 for all 
ouples of

�ngers.

The task has a duration of 4 s. A Runge-Kutta integration method, with

time step of 0.2 ms, has been used to simulate the system.

The traje
tories of the a
tive joints 
omputed by the motion planner are

the referen
es for the 
ontrol law ((3.21)). The parameters in su
h equation

are 
hosen as follows: KP = 2 · 105I3, KD = 150I3, kF1
= kF2

= 12.5,

kF3
= kF4

= 1.25, kI = 10. The desired values for the 
onta
t normal for
es

are 2 N, −2 N, 0.2 N and −0.2 N for the �ngers 1, 2, 3 and 4 respe
tively.

The desired values of the �rst two 
onta
t normal for
es are bigger sin
e the


orresponding �ngers have to keep the obje
t still while the other two are

required to slide along the surfa
e (i.e., small 
onta
t normal for
es values

are required) in order to rea
h a for
e 
losure 
ondition.

Motion planner. The planner performan
e are summarized in Figure 3.3
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Figure 3.3: Obje
t's pose error 
omputed on the basis of the dire
t kinemati
s

of ea
h extended �nger. Left, norm of the obje
t's position error; right,

obje
t's orientation error. Finger 1 is represented in blue, 2 in red, 3 in green

and 4 in bla
k.

and Figure 3.4. In detail, Figure 3.3 shows the time history of the norm of

the obje
t's pose error 
omputed on the basis of the dire
t kinemati
s of ea
h

�nger. It 
an be noti
ed that the error asymptoti
ally goes to zero for ea
h

extended �nger.

Figure 3.4(a) reports the time history of the sta
k status. The main

task, with priority 1, is never removed from the sta
k, while the other tasks,

numbered from 2 to 4 are removed when some 
onstraints are near to be vio-

lated. Noti
e that task 3 is never removed from the sta
k sin
e, in this 
ase,

it never a�e
ts the 
onstraints. When the system is in a safe 
ondition with

respe
t to the 
onstraints, the tasks are re-inserted in the sta
k maintaining

their previous priorities. Moreover, it 
an be noti
ed that the peaks in the

time histories of the obje
t's pose error 
orrespond to task insertion and/or

removal.

Figure 3.4(b) and Figure 3.4(
) show the 
ost fun
tions related to the

joint limits and 
ollision avoidan
e 
onstraints, respe
tively. In a �rst phase,

their values in
rease; for this reason, the tasks farthest from the annihilating


ondition are removed from the sta
k. When their values be
ome almost



Chapter 3. Control S
heme with redundan
y resolution

73

0 1 2 3 4

1

2

3

4

Time [s]

# 
ta

sk

(a) Sta
k history

0 2 4
0

0.01

0.02

Time [s]

C
os

t f
un

ct
io

n

(b) Joint limits

0 2 4
0

0.5

1
x 10

−4

Time [s]

C
os

t f
un

ct
io

n

(
) Collision avoidan
e

0 2 4
0

500

1000

Time [s]

T
as

k 
fu

nc
tio

n

(d) Moment residual

0 2 4
−50

0

50

Time [s]

T
as

k 
fu

nc
tio

n

(e) Grasp quality

0 2 4
1

1.5

2

Time [s]

T
as

k 
fu

nc
tio

n

(f) Manipulability

Figure 3.4: Time histories of the 
onstraints and se
ondary tasks. Sub�gures

(e) and (f) use the some 
olor legend as Figure 3.3.

zero, the removed tasks are re-inserted into the sta
k.

Figure 3.4(d) shows the moment residual ǫm. This asymptoti
ally 
on-

verges to zero, i.e., �ngers 3 and 4 rea
h a for
e 
losure 
ondition. Fig-

ure 3.4(e) reports the time histories of the grasp quality indexes σs3 and σs4 .

Su
h values 
onverge to zero, sin
e both �ngers 3 and 4 rea
h a symmetri


position with respe
t to the obje
t's 
enter from �ngers 1 and 2, respe
tively.
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Finally, Figure 3.4(f) shows the time history of the manipulability measures

wi, with i = 1, . . . , 4, for ea
h �nger. The depi
ted values are equal or above

the desired ones wdi . Controller. The 
ontroller performan
e are summarized
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Figure 3.5: Obje
t's pose error. Left, norm of the obje
t's position error;

right, obje
t's orientation error.

in Figures 3.5-3.7. In detail, Figure 3.5 shows the time history of the norm

of the obje
t's pose error. It 
an be noti
ed that the errors do not 
onverge
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Figure 3.6: Time histories of the 
onta
t normal for
es errors.
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(f) Right robot - lower �nger

Figure 3.7: Time histories of the joint torques. Color legend for sub�gures

(a) and (d): blue are the joint torques 1 and 8, red 2 and 9. Color legend

for sub�gures (b) and (e): blue are the joint torques 3 and 10, red 4 and 11,

bla
k 5 and 12. Color legend for sub�gures (
) and (f): blue are the joint

torques 6 and 13, red 7 and 14.
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(a) Initial 
on�guration (b) Final 
on�guration

Figure 3.8: GRASPIT! s
reenshots depi
ting the system in its initial and �nal


on�guration. Prismati
 joints, that model the �ngers elasti
 pads, have not

been drawn.

to zero, but they present a 
onstant o�set. This is due to the absen
e, in the


ontrol s
heme, of the feedba
k of the obje
t pose. In fa
t, sliding of �ngers 3

and 4 a�e
ts the obje
t's motion, while the planner 
annot take into a

ount

these disturban
es.

Figure 3.6 depi
ts the time histories of the errors of the normal 
onta
t

for
es with respe
t to the desired ones. It 
ould be noti
ed that all the errors


onverge asymptoti
ally to zero. Some peaks o

ur in 
orresponden
e of task

removal/insertion from/in the sta
k.

Figure 3.7 shows the time histories of the joint a
tuation torques. Their

values are smooth and 
ompatible with state-of-the-art joint a
tuators.

Finally, Figure 3.8 shows the initial and �nal 
on�gurations of the system.

It 
an be noti
ed that �ngers 3 and 4 move along the obje
t surfa
e until

their tips are on the same straight line on the opposite sides of the obje
t,

in su
h a way to ensure both for
e 
losure and a symmetri
 position with

respe
t to the obje
t's 
enter.



Chapter 4

Control s
heme with for
e 
ontrol

and obje
t impedan
e

The 
ontrol s
heme des
ribed in previous 
hapter does not guarantee that

environmental intera
tion for
es remain bounded, by being based on paral-

lel for
e/position 
ontrol; thus, a di�erent 
ontrol strategy is also proposed

with the purpose of 
ontrolling normal 
onta
t for
es and making the overall

system 
ompliant in the 
ase of an environmental intera
tion. In detail, ex-

ternal for
es whi
h ensure tra
king of the planned traje
tory for the grasped

obje
t, and internal for
es, whi
h prevent 
onta
t breaks and/or ex
essive

stresses on the obje
t, are regulated. An impedan
e behavior, enfor
ed at

obje
t level, ensures that intera
tion for
es, between the obje
t itself and the

environment, are kept bounded.

4.1 Control ar
hite
ture

The 
onsidered 
ontrol s
heme is aimed at exploiting dire
t for
e 
ontrol to

regulate normal internal for
es, in order to stabilize the grasp, and external

77
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for
es, so as to a
hieve the desired impedan
e at obje
t level, as well as

improve grasp quality via suitably de�ned virtual tangential for
es.

Object
 Impedance

Controller Object Robot

vod,  vod

pod ,Qod 

.

fI

fc po ,Qo 

 vo,  vo

p,  p

.
.

po ,Qo ,vo

(+)

(+) fd

Figure 4.1: Blo
k s
heme of the overall 
ontrol system

4.1.1 Obje
t impedan
e

When the grasped obje
t 
omes in 
onta
t with the external environment,

intera
tion for
es may arise, leading to ex
essive me
hani
al stresses. Hen
e,

a 
ompliant behavior of the obje
t is wished so as to keep 
onta
t for
es

bounded. On the other hand, during free-spa
e motion, tra
king of the de-

sired traje
tory of the obje
t is required, spe
i�ed in terms of desired position,

pod(t), and orientation, Rod(t), as well as in terms of the desired generalized

velo
ity, vod(t), and a

eleration, v̇od(t). To this aim, normal 
onta
t for
es


an be planned in su
h a way to impose an impedan
e behavior to the ma-

nipulated obje
t. Namely, the desired external 
onta
t for
es are 
omputed

via the equation

f cEd = G†(r) (C(vo)vo + go +Bov̇od+

Kv∆vo + h∆(∆po,∆Qo)) , (4.1)

where f cEd = [fT
cEd1

, fT
cEd2

, . . . , fT
cEdN

]T is the ve
tor sta
king the desired

external 
onta
t for
es for ea
h �nger, G†(r) is a 
onsistent right pseudo-

inverse of G(r) [4℄, ∆vo = vod − vo ∈ ℜ6
is the velo
ity error, Kv is a
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positive de�nite gain matrix,∆po = pod−po ∈ ℜ3
is the obje
t position error,

∆Qo = {∆ηo, ∆εo} is the unit quaternion representing the orientation error

[8℄, i.e., extra
ted form the mutual orientation matrixRT
o Rod, ∆ηo ∈ ℜ is the

s
alar part of ∆Qo and ∆εo ∈ ℜ3
is its ve
tor part. The term h∆(∆po,∆Qo)

represents an elasti
 for
e, de�ned as in [11℄

h∆ =

[
K

′

p O3

K
′

po K
′

o

][
∆po

∆εo

]
,

K
′

p =
1

2
RodKpR

T
od +

1

2
RoKpR

T
o ,

K
′

po =
1

2
S(∆po)RodKpR

T
od,

K
′

o = 2(∆ηoI3 − S(∆εo))RoKoR
T
o ,

where Kp and Ko are positive de�nite matri
es.

From (4.1) and (2.65), the following 
losed-loop dynami
s is obtained

Bo∆v̇o +Kv∆vo + h∆ = he +G∆f cE
, (4.2)

where ∆f cE
= [∆fT

cE1

, ∆fT
cE2

, . . . , ∆fT
cEN

]T and ∆f cEj
= f cEdj

− f cEj
is

the for
e error for the jth �nger. Equation (4.2) 
learly shows that a six-

degree-of-freedomme
hani
al impedan
e behavior is enfor
ed. Assuming null

for
e tra
king errors (∆f cE
= 03N), equation (4.2) guarantees asymptoti


traje
tory tra
king in the absen
e of obje
t/environment intera
tion for
es

(he = 06), while a suitable 
ompliant behavior is obtained when he 6= 06.

4.1.2 Grasp quality

A major issue in multi-�ngered roboti
 manipulation is that of positioning

the 
onta
ts on the obje
t surfa
e to obtain an optimal (or near optimal)

grasp quality and robustness. In the absen
e of any o�-line a

urate plan-

ning, initial 
onta
t lo
ations are, in general, non-optimal and thus �ngers
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should slide on the obje
t surfa
e to improve grasp quality as well as grasp ro-

bustness. A 
onventional way to measure grasp quality is the use of suitably

de�ned indexes. A quality index, ε, is a fun
tion of the 
onta
t 
on�guration,

i.e., ε(r) ∈ R, whi
h de�nes the quality of the 
urrent grasp, on the basis

of the 
hosen measurable parameters. In [18, 50℄ the so-
alled unit fri
tion-

less equilibrium residuals are introdu
ed: these indexes relate normal unit

for
es to the grasp quality, su
h that the optimal lo
ation is a
hieved when

the stati
 equilibrium is rea
hed. However, other indexes related to 
onta
t

points lo
ation 
an be found in the literature [38℄ and new ones 
ould be

de�ned as well. On the basis these indexes, it is possible to �nd a set of op-

timal 
onta
t 
on�gurations S = {r∗
k : ε(r

∗
k) = ε∗, k = 1, 2, ..., mS}, where r∗

k

is an optimal 
on�guration, ε∗ is the optimal value of the quality index and

mS is the 
ardinality of S, The optimal 
on�gurations 
an be 
hara
terized

by de�ning a 
onvex non-negative s
alar fun
tion U(r), whose minimum is

attained at the optimal 
onta
t 
on�gurations r∗
k ∈ S. In other words, U(r)

takes into a

ount the distan
e of the a
tual 
onta
t 
on�guration from the

optimal one. The obje
tive is that of minimizing the 
ost fun
tion U(r), by


onsidering a virtual for
e de�ned as

f∇ = −∇rU(r), (4.3)

where ∇r is the gradient operator with respe
t to the variables rj, j =

1, . . . , N . It 
an be easily shown that the virtual for
es always lie in the plane

tangent at ea
h 
onta
t point. To this aim, 
onsider a parametrization of the

obje
t surfa
e (as in Se
tion 2.2) given by two independent parameters uj

and vj ; the position of ea
h 
onta
t point 
an be expressed as rj = rj(uj, vj);

therefore, U = U(r1(u1, v1), . . . , rN(uN , vN)). Assuming that rj(uj, vj) is at
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least of 
lass C1
, its gradient, expressed in the lo
al referen
e frame, is

∇rU(r)=




1

hu1

∂U

∂u1
û1 +

1

hv1

∂U

∂v1
v̂1

.

.

.

1

huN

∂U

∂uN

ûN+
1

hvN

∂U

∂vN
v̂N



, (4.4)

where ûj = (∂rj/∂uj)/huj
, v̂j = (∂rj/∂vj)/hvj are the unit ve
tors spanning

the tangent plane at the jth 
onta
t point and huj
= ‖∂rj/∂uj‖, hvj =

‖∂rj/∂vj‖. Derivation of (4.4) is detailed in Appendix B.1. Sin
e the virtual

for
es a
t in the dire
tion opposite to the gradient of the 
ost fun
tion, they

bring the �ngertips to the nearest optimal 
onta
t lo
ation, i.e., the minimum

of U(r) (as shown by Theorem 1 in Se
tion 4.1.3).

4.1.3 Controller

In order to a
hieve tra
king of both the planned normal 
onta
t for
es and

the virtual for
es, a dire
t for
e 
ontrol law with dynami
 
ompensation of

all non-linear terms [63℄ is adopted

τ = B(q)y +C(q, q̇)q̇ + g(q) + JThc, (4.5)

where y is 
omputed as follows

y=J−1
p M−1

d

(
Kpf(pfc+pf∇)−Kdṗ−M dJ̇pq̇

)
,

pfc = kfcP n (f cd − f c) ,

pf∇ = −kf∇f∇,

(4.6)

whereM d,Kd,Kpf are positive de�nite diagonal matri
es, p = [pT
1 , p

T
2 , . . . ,p

T
N ]

T
,

pi ∈ ℜ3
is the position of the jth �ngertip, kfc, kf∇, are s
alar gains, the

desired value of the virtual for
e is set to zero,

P n = diag
(
n1n

T
1 , n2n

T
2 , . . . , nNn

T
N

)
,

and ni is the unit ve
tor normal to obje
t surfa
e at the ith 
onta
t point.
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Remark 1. If the manipulation system is fun
tionally redundant, i.e., Jp

has more 
olumns than rows, 
ontrol input (4.6) should be suitably modi�ed

as

y = J †
pM

−1
d

(
Kpf (pfc + pf∇)−

−Kdṗ−M dJ̇pq̇
)
−N(Jp)Kq0q̇,

(4.7)

where J †
p represents a right pseudo-inverse of Jp, N(Jp) represents a pro-

je
tor onto the null spa
e of Jp, while Kq0 q̇0 is a damping term added to

stabilize the internal motions.

Theorem 2. Under the assumption of quasi-stati
 manipulation (i.e., vo =

v̇o = 06, where vo is the obje
t generalized velo
ity), 
ontrol law (4.5) ensures

the 
onvergen
e of 
onta
t point positions to an optimal 
on�guration.

The proof of Theorem 2 is given in Appendix B.

4.2 Case study

The e�e
tiveness of the proposed 
ontrol s
heme has been proven in a number

of simulation 
ase studies developed in the Matlab/Simulink


©
environment.

The �ngers should slide on the obje
t surfa
e in order to minimize a 
ost

fun
tion de�ned on the basis of unit fri
tionless for
e and moment residuals,

des
ribed in Se
tion 3.2, and, simultaneously, to apply the 
orre
t normal


onta
t for
es in su
h a way to drive the obje
t along the planned traje
tory.

Conta
t for
es are modeled by means of software springs 
onne
ting ea
h

�nger to the obje
t's boundary and fri
tion has been modeled by 
onsidering

a 
onstant stati
 and a vis
ous term, both a
ting against the �ngers'sliding

motion. Hen
e, tangential 
onta
t for
es are present and a
t like un
ertain-

ties, sin
e the obje
t impedan
e design does not take them into a

ount.

Two 
ases have been 
onsidered: in the �rst one environmental intera
tion

for
es are not present, while in the se
ond 
ase an elasti
 for
e a
ts on the
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obje
t CoG (i.e., 
onta
t with a purely elasti
 environment is 
onsidered).

The bimanual planar 14 DOFs arm/hand manipulation system, des
ribed in

Se
tion 3.2.1, has been 
onsidered.

Figure 4.2: Bimanual arm/hand system.

Geometri
al and inertial e�e
tive parameters of the manipulation system

are reported in Table 4.1. The the ellipti
 shaped obje
t has mass mo = 1

kg , inertia moment Mo = 10 kgm2
, semi-major axis 70 · 10−3

m, semi-minor

axis 28 · 10−3
m. The 
ontroller has been designed by using a nominal model

in whi
h the nominal link masses are equal to the 90% of the real masses,

while the nominal obje
t's mass and inertia moment have been 
onsidered

to be the 95 % of the real ones. The third and seventh link lengths of ea
h

manipulator have been 
onsidered to be the 95% and 105% of the nominal

ones. Sensor noise has been simulated by superimposing a normal distributed

noise with zero mean and standard deviation equal to 5 · 10−4
rad to joint

positions, while, for 
onta
t for
es a normal distributed noise with zero mean

and standard deviation equal to 5 · 10−3
N has been 
onsidered. As 
on
erns

obje
t position (orientation), a normal distributed measurement error with

zero mean and standard deviation equal to 0.01 mm (rad) has been added

to the simulator output.

The 
ontrol gains are 
hosen as M d = I4, Kd = 900I4, Kpf = 800I4,
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Table 4.1: Parameters of the manipulation system

Link mi · 103 [kg℄ Mi · 106[kgm2] ai · 103[m]

1,3,4,6,8,10,11,13 72 445 67.50

2,9 56 245 64.50

5,7,12,14 75 595 62

kfc = kf∇ = 30. The obje
t impedan
e gains are Kv = diag{120 120 4},

Kp = 3 · 103I2, ko = 12 (s
alar, sin
e the orientation is represented by the

angle around the axis normal to the plane of the manipulation system).

The 
ost fun
tion U is 
hosen as

U(r) = exp

(
1

2
ρf (r) +

1

2

ρm(r)

‖r‖2

)
− 1, (4.8)

where ρf (r) and ρm(r) are the so-
alled unit fri
tionless for
e and moment

residuals, respe
tively, de�ned as follows

ρf (r) =
N∑

i=1

ni(ri)
Tni(ri)

ρm(r) =
N∑

i=1

(ri × ni(ri))
T (ri × ni(ri)) .

(4.9)

In (4.8) ρm(r) has been normalized to obtain a dimensionless quantity homo-

geneous to ρf (r). It is worth noti
ing that both the residuals are non-negative

and thus the 
ost fun
tion rea
hes its minimum when both are zero.

In order to test the 
ontroller performan
e, three di�erent simulations

have been 
arried out. In the �rst one, initial 
onta
t lo
ations on the ob-

je
t surfa
e are arbitrary and non-optimal (non-null unit for
e and moment

residuals), and thus �ngers slide on the obje
t surfa
e in order to minimize

U . In the se
ond 
ase, starting from the optimal 
onta
t 
on�guration previ-

ously obtained, the obje
t is moved along a smooth traje
tory in the absen
e
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Figure 4.3: Bimanual arm/hand system in initial 
ondition (top) and �nal


ondition (bottom).

of intera
tion with the external environment. Finally, the same traje
tory

planned for the se
ond 
ase is exe
uted in the presen
e of environmental

for
es a
ting on the obje
t.

4.2.1 Regrasping

The obje
tive is that of keeping the obje
t still, while �ngers are sliding

from their initial 
on�guration, shown in Figure 4.3 (top), to rea
h the op-

timal one depi
ted in Figure 4.3 (bottom). Moreover, the 
ontroller is re-
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quired to ensure a 
ertain amount of internal normal 
onta
t for
es set as

f cId
= foN(G)n, where N(G) is the proje
tor onto the null spa
e of G

[4, 11℄, i.e., N(G) = I3N − G†G, fo = 10 N and n = [nT
1 , n

T
2 , n

T
3 , n

T
4 ]

T
.

Figure 4.4 reports the time history of the norm of the normal for
e errors,

whi
h 
onverge to zero at steady state. Fingers motion on the obje
t sur-

0 0.5 1 1.5 2
0

1

2
Norm of the normal force errors −hand 1−

t[s]

N

 

 

0 0.5 1 1.5 2
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2
Norm of the normal force errors −hand 2−

t[s]

N

 

 

Finger 1
Finger 2

Finger 3
Finger 4

Figure 4.4: Norm of the normal for
e error for �ngers 1,2 (top) and 3,4

(bottom).

fa
e indu
es for
e disturban
es 
ausing obje
t position errors, depi
ted in

Figure 4.5; however, these errors are e�e
tively 
ountera
ted by the obje
t

impedan
e 
ontroller.

Figure 4.6 reports the time history of the virtual for
es and the 
ost fun
tion
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0.5

1
Norm of the object position error

t[s]

m
m

0 0.5 1 1.5 2
−0.1

0

0.1
Object orientation error

t[s]

ra
d

Figure 4.5: Norm of the obje
t position error (top) and of the obje
t orien-

tation error (bottom).

U : it 
an be easily re
ognized that an optimal 
on�guration is rea
hed at

steady state.



Chapter 4. Control s
heme with for
e 
ontrol and obje
t impedan
e

87

0 0.5 1 1.5 2 2.5 3 3.5
0

5

10
Norm of the ficticious force errors

t[s]

N

 

 

0 0.5 1 1.5 2 2.5 3 3.5
0

0.2

0.4
Cost Function

t[s]

Finger 1
Finger 2
Finger 3
Finger 4

Figure 4.6: Norm of the virtual for
e errors (top) and 
ost fun
tion (bottom).

4.2.2 Obje
t Motion

A smooth traje
tory is planned for the obje
t, 
onsisting in a 50 mm dis-

pla
ement along the horizontal dire
tion and a 100 mm displa
ement along

the verti
al one; the initial position is po = [0 150]T mm.

The 
ontroller ensures a

urate tra
king of the obje
t planned traje
tory in

the absen
e of intera
tion for
es, as shown in Figure 4.7. Figure 4.8 depi
ts
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Norm of the object position error

t[s]

m
m

0 1 2 3 4 5
−0.1

0

0.1
Object orientation error

t[s]

ra
d

Figure 4.7: Norm of the obje
t position errors (top) and of the obje
t orien-

tation error (bottom).

the norm of the normal for
e errors: it 
an be re
ognized that the desired

for
e are tra
ked with small errors, whi
h be
ome null at steady state. By


onsidering the total for
es a
ting on ea
h �ngertip (of the order of 10 N),

the presen
e of model un
ertainties, and ta
king into a

ount the maximum

length when the system is fully extended (of the order of 30 
m), the maxi-

mum for
e and pose errors 
an be 
onsidered fully a

eptable.



Chapter 4. Control s
heme with for
e 
ontrol and obje
t impedan
e

88

0 1 2 3 4 5
0

1

2
Norm of the normal force errors −hand 1−

t[s]

N

 

 

0 1 2 3 4 5
0

1

2
Norm of the normal force errors −hand 2−

t[s]

N

 

 

Finger 1
Finger 2

Finger 3
Finger 4

Figure 4.8: Norm of the normal for
e errors for �ngers 1,2 (top) and 3,4

(bottom).
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Figure 4.9: Norm of the normal for
es for �ngers 1,2 (top) and 3,4 (bottom).

Then, an elasti
 for
e a
ting at the obje
t CoG is introdu
ed

he = −Ke(xo − xr), (4.10)

where Ke = diag{5N/mm, 5N/mm, 0Nmm/rad} models the environment
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Object orientation error
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Figure 4.10: Norm of the obje
t position error (top) and of the obje
t orien-

tation error (bottom).
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sti�ness, xo is the pose of the obje
t CoG and xr = [0, 60, 0] (positions are

measured in mm while orientation in rad) is the spring rest pose. In the

presen
e of intera
tion, Figure 4.9 shows that the 
ontroller ensures limited

intera
tion for
es at the expense of a position error, as shown in Figure 4.10.



Chapter 5

Control s
heme with internal

for
e and wrist impedan
e 
ontrol

Both the previous 
ontrollers, des
ribed in Chapters 3 and 4, 
onsider ea
h

arm-hand system as a unique me
hani
al system, while the third 
ontrol

law des
ribed in this 
hapter deals with the two subsystems (the arm and

the hand) separately. The proposed 
ontrol strategy enfor
es an impedan
e

behavior at the arm wrist to make the system 
ompliant in the 
ase of an

intera
tion between the obje
t and the external environment. At the same

time, internal 
onta
t for
es are regulated at a desired value in order to �rmly

hold the obje
t.

5.1 Control ar
hite
ture

Grasping and manipulation of an obje
t require �ne 
ontrol of internal 
on-

ta
t for
es, in order to stabilize the grasp when the obje
t is moved along

a planned traje
tory. Internal for
e 
ontrol should prevent 
onta
t breaks

and/or ex
essive stresses on the obje
t.

The 
ontrol system should be able to safely handle environmental or hu-

90
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man intera
tion. A way to guarantee a safe behavior of the manipulation

system is that of 
onsidering the arm and the hand as di�erent subsystems:

an impedan
e 
ontrol s
heme for the arm, ensures good tra
king of the refer-

en
e traje
tory in absen
e of intera
tion, while enfor
ing a 
ompliant behav-

ior when an unexpe
ted intera
tion happens; as 
on
erns the hand, internal

for
e 
ontrol guarantees a �rm grasp.

5.1.1 Hand 
ontrol

Roboti
 hands are 
omplex systems whose dynami
s may be not known with

the a

ura
y needed in order to design a model-based 
ontroller: due to spa
e

limitation, a
tuation systems results to be very 
omplex and, thus, sour
e of

un
ertainties (they 
an present me
hani
al 
oupling between DOFS through

springs, 
lut
hes or tendons). To this aim, it would be useful to 
ompute

motion referen
es of the �ngers through a dynami
 planner. Then, a low

level 
ontroller will be in 
harge of tra
king joint referen
es. By assuming

that only �ngertips are involved in grasping (�ne manipulation), i.e. the

number of 
onta
t points and of �ngers is the same, the dynami
 planner for

�nger j, designed to 
ontrol internal for
es, is given by

M df ν̇
cj
dj
+Kdfν

cj
dj
+Kpf∆x

cj
dj

= Kpx
cj
fj

x
cj
fj
= Cf(h

cj
Idj

− h
cj
Ij
) +CI

∫ t

0

(h
cj
Idj

− h
cj
Ij
)dσ,

(5.1)

where the supers
ript cj means that ve
tors are expressed with respe
t to Σcj ,

ν̇
cj
dj

∈ ℜ6×1
(ν

cj
dj

∈ ℜ6×1
) is the relative referen
e a

elerations (velo
ities) of


onta
t points with respe
t to arm wrist, ∆xdj =
[
∆rT

dj
∆ǫTdj

]T
, ∆rdj =

rdj − rsj , where rsj , rdj have the meaning of rest and referen
e positions

relative to Σa, ∆ǫre =
[
∆ǫTr1 ∆ǫTr2 . . . ∆ǫTrnc

]T
, ∆ǫrj is the ve
tor part of the

quaternion ∆Qj = Qa,sj ∗ Q
−1
a,dj

(i.e. the orientation error of �nger j), where

Qa,sj , Qa,dj represent the rest and the referen
e orientation, of the 
onta
t
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frame with respe
t to Σa. The other terms in (5.1) M df , Kdf , Kpf , Cf , CI

are positive de�nite matri
es of gains, hIdj
= [fT

cIdj
0T
3 ]

T
is ve
tor of desired

internal generalized for
es, hIj = [fT
cIj

0T
3 ]

T
is the ve
tor of measured internal

generalized for
es. Desired internal for
es 
an be a
hieved via standard grasp

for
e optimization te
hniques [45℄, to avoid slippage and ex
essive me
hani
al

stresses on the obje
t.

By integrating equation (5.1) motion referen
es (i.e. Qa,dj , rdj , νdj , ν̇dj )

in 
artesian spa
e, whi
h ensure internal for
e regulation, are available to

feed an Inverse Kinemati
s, hereafter IK, algorithm.

5.1.2 Arm 
ontrol

The aim is that of making the wrist able to tra
k the desired traje
tory with

good a

ura
y in the absen
e of intera
tion, while a 
ompliant behavior must

be if intera
tions o

ur. This obje
tive 
ould be a
hieved via an impedan
e


ontrol law. More in detail, an impedan
e �lter is adopted in order to make

the 
ontroller performan
e independent from the knowledge of the dynami


model, while a pure motion 
ontroller is in 
harge of tra
king the motion

referen
es. The impedan
e has the following dynami
s

M d∆v̇a +Kd∆va + h∆p = ha − hcomp, (5.2)

where ∆v̇a (∆va) is the a

eleration (velo
ity) error, 
omputed as the dif-

feren
e between the desired a

eleration (velo
ity) v̇ad (vad) planned o�-line

and the referen
e one v̇ar (var),

h∆p =

[
K

′

p O3

K
′

po K
′

o

][
∆pdr

∆εdr

]
,

K
′

p =
1

2
RadKpR

T
ad

+
1

2
RarKpR

T
ar
,

K
′

po =
1

2
S(∆pdr)RadKpR

T
ad
,

K
′

o = 2(η̃drI3 − S(∆εdr))RarKoR
T
ar
,
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where Kp, Ko, are positive de�nite matri
es of gains, ∆pdr is the error be-

tween the desired wrist position (depending on the planned position for the

grasped obje
t) and the referen
e one, ∆Qdr =
[
∆ηdr ∆ǫTdr

]T
is the quater-

nion extra
ted from the rotation matrixRdr = RadR
T
ar
, whi
h represents the

orientation error being Rad and Rar the desired and referen
e orientation of

the frame Σa, respe
tively. The other terms in (5.3) are ha, whi
h is the

wren
h measured by the sensor and hcomp=−
(
Ga(ra)hc + (LaL

T
a )

−1LaH7ξx

)


omputed through (2.52), being Hα the already introdu
ed (in Se
tion 2.6)

sele
tor operator. hcomp 
ompensates the e�e
ts on the wrist due to hand

dynami
s and 
onta
t for
es. On
e the motion referen
es are known, they


ould be passed to a motion 
ontroller dire
tly designed in the operational

spa
e. An alternative is that of adopting an IK algorithm to 
ompute the

joint referen
e traje
tories for a joint spa
e 
ontroller.

Remark 2. If the dynami
 parameters of the hand are not available, it 
ould

be enough to 
ompensate the stati
 e�e
ts of the hand and the 
onta
t for
es,

hcomp = −
(
Ga(ra)hc + (LaL

T
a )

−1LaH7g(x)
)
. (5.3)

Remark 3. If a measure of the 
onta
t for
es is not available, by 
onsid-

ering that internal for
es do not a
t on the wrist, under the hypothesis that

rank(G(r)) = 6, the external 
onta
t for
es 
an be estimated via

f cE
= G†(r) (Bov̇o +C(vo)vo + go) , (5.4)

or, in the 
ase of non perfe
t knowledge of the obje
t dynami
s, as

f cE
= G(r)†go, (5.5)

and substituted in (2.52) or, alternatively, in (5.3). It is worth noting that

G(r)† in (5.4) and (5.5) represents a right pseudo-inverse of G(r) while

Gahc = GahcE = Ga

[
fT

cE
0T
3

]T
.
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5.1.3 Joint referen
es

Sin
e (5.1) and (5.2) provide motion 
artesian referen
es, an IK algorithm

is needed to 
ompute suitable joint referen
es in order to feed a low level


ontroller, as shown in Figure 5.1. A possible 
hoi
e is given by the a law

similar to that in (3.3)

q̈r = J̄
−1
xc,

xc = v̇r +Kvev +Kep −
˙̄Jq̇r,

(5.6)

where qr = [qT
ar

qT
fr
]T is the ve
tor sta
king joint positions of the arm (qar

Figure 5.1: Blo
k s
heme of the 
ontrol ar
hite
ture. Γad represents the

desired traje
tory, in terms of pose, velo
ities and a

elerations, for the

wrist, while Γar (Γfd) represent the referen
e traje
tory for the wrist (
onta
t

points)

and hand qfa
), J̄ is the following Ja
obian

J̄ =

[
Ja O6n×l

O6nc×na
Jf

]
,

na is the number of arm DOFs, l =
∑N

j=1 fj is the number of hand DOFs, vr =[
vT
ar

νT
d

]T
, νd ∈ ℜ6nc

is the ve
tor sta
king all relative referen
e �nger twists,

ev is the velo
ity error i.e. ev = vr − J̄ q̇r, ep =
[
∆pT

a ∆ǫTa ∆rT
re ∆ǫTre

]T
,
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∆pa (∆rre) is the position error of the wrist (�nger) (i.e. the di�eren
e

between the referen
e value and that 
omputed via the forward kinemati
s

on the basis of qar
( qfr

)), ∆ǫa is the ve
tor part of the unit quaternion

∆Qa = Qra ∗ Q
−1
ea
, where Qra and Qea represent, respe
tively, the referen
e

orientation and that 
omputed via the forward kinemati
s on the basis of qar
,

∆ǫre =
[
∆ǫTr1 ∆ǫTr2 . . . ∆ǫTrnc

]T
and ∆ǫrj is the ve
tor part of the quaternion

∆Qrj = Qrj ∗ Q−1
ej

representing the orientation error of �nger j, where Qrj

and Qej the referen
e and that 
omputed via the forward kinemati
s on the

basis of qfr
.

Remark 4. If the arm/hand system is redundant, i.e. J̄ has more 
olumns

than rows, (5.6) should be suitably modi�ed

q̈r = J̄
†
ac +N(J̄)(β − ksq̇)

ac = v̇r +Kvev +Kep −
˙̄Jq̇r

β = −Ṅ q̇

, (5.7)

where J̄
†
is a right pseudo-inverse of J̄ , N(J̄) is a null spa
e proje
tor and

β − ksq̇ is a term designed to stabilize internal motions..

A theoreti
al proof of (5.6) is reported in Appendix C.

5.2 Experimental 
ase study

A 
ase study has been 
ondu
ted in order to test the performan
e of the pro-

posed s
heme. The experimental setup, available at the Computer S
ien
e

Roboti
s Laboratory of the Rensselaer Polyte
hni
 Institute (RPI), Troy,

New York, 
onsists of a 7-DOFs Barret WAM and a Barrett Hand 280 at-

ta
hed to the arm wrist. The available feedba
k 
onsists of joint positions,

sampled at 500 Hz for the arm and 100 Hz for the hand, for
e/torque at the

wrist, sampled at 500 Hz and ta
tile pressure on the �ngertip and palm (4
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matri
es of 24 sensors ea
h), sampled at 40 Hz. Robot Operating System

(ROS) [53℄ is used as software platform.

Ta
tile pressures are integrated onto the �ngertip surfa
es, in order to

estimate the normal 
onta
t for
es. Sin
e the hand is undera
tuated and

only normal 
onta
t for
es are available as feedba
k, the 
ontrol law (5.1)

has been proje
ted along the unit ve
tor normal to the obje
t surfa
e at

ea
h 
onta
t point, (hereafter 
alled simply 
onta
t normal). It is worth

noting that the hand has 4 motors, one for ea
h �nger and the forth for the

spread, whi
h is the motion of �ngers 1 and 2 around the axis normal to the

palm. The spread has been kept 
onstant and set to zero. By negle
ting the

spread 
ontribution, the positional part of the hand Ja
obian, J
p
f ∈ ℜ9×3

,


an be written as

J
p
f =




J
p
f1

03 03

03 J
p
f2

03

03 03 J
p
f3


 (5.8)

where J
p
fj
∈ ℜ3

the jth �nger Ja
obian. Be
ause of the undera
tuation, ea
h

J
p
fj
has been proje
ted along the 
onta
t normal, therefore the Ja
obian to

be 
onsidered in (5.6) is

J̄ =

[
Jh O6×3

O3×nh
Jn

f

]
,

where Jn
f = diag{Jn

f1
, Jn

f2
, Jn

f3
} , Jn

fj
= nT

j J
p
fj

and nj is the jth 
onta
t

normal.

The performed 
ase study 
onsists of a �rst phase in whi
h the obje
t is

grasped by the hand and the 
onta
t for
es are regulated to suitable values;

after the grasp is made, the obje
t is moved along a planned traje
tory while

a human operator intera
ts with the obje
t itself: the idea is that of ensuring

a 
ompliant behavior maintaining, at the same time, a �rm grasp. At the

end of the traje
tory the obje
t is pressed against a planar surfa
e without

neither sliding on it nor human operator intera
tion.
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5.2.1 Experimental results

The hand grasps the obje
t in su
h a 
on�guration that the �ngertips are

symmetri
 with respe
t to the obje
t CoG, as depi
ted in Figure 5.2; 
onta
t

normal for
es are regulated to 5 N for �nger 1 and 2 and 10 N for the thumb.

It 
an be re
ognized that the desired normal for
es are a set of internal

Figure 5.2: Experimental setup in the initial 
on�guration. The referen
e

frames are visible: base frame on the bottom and obje
t frame on the top.

The axes are ordered as follows: x red, y green, z blue

for
es sin
e they 
onstitute a self-balan
ing system (i.e. the total for
e and

momentum are zero). Despite the low rate at whi
h the ta
tile pressures

data are sampled, 40 Hz, the 
ontroller, whi
h runs at 100 Hz, is able to

drive the 
onta
t for
es to the desired values, within an a

eptable error, as

shown in Figure 5.3. For the �rst 24 s the obje
t is grabbed and the normal


onta
t for
es are regulated, in the last 16 s the traje
tory is exe
uted. After

the obje
t has been grasped, starting from the initial 
on�guration, depi
ted

in Figure 5.4(a), the obje
t should be moved of −0.5 m along the z axis and

0.3 m along the x axis of the base frame (Figure 5.2) while maintaining the

position along the y axis.

The �nal orientation should be su
h that the x axis of the obje
t frame is
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Figure 5.3: Time history of the normal 
onta
t for
es: �nger 1 on the top,

�nger 2 on the middle and thumb on the bottom

(a) Initial 
on�guration (b) Final 
on�guration

Figure 5.4: Initial 
on�guration (a) and �nal 
on�guration (b) of the system

parallel to the x axis of the world frame. The traje
tory has been generated

using �fth order polynomial time pro�le. During the motion, a human oper-

ator intera
ts with the obje
t, by pushing or pulling the handle atta
hed on

it, as it 
ould be re
ognized in Figure 5.5. It is worth noting that only stati



ompensation has been performed a

ording to (5.3). The manipulation sys-

tem should not be 
ompliant along and around the y axis of the base frame,

thus the measured 
omponent of wrist for
es and moment are not fed to the

impedan
e �lter. Figure 5.6 reports the IK errors of the obje
t, de�ned as
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Figure 5.5: Time history of the intera
tion wrist for
es and torques
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Figure 5.6: Time history of 
losed loop inverse kinemati
s error

∆po = pod
− por

,

∆Qo = Qod ∗ Q
−1
or
,

(5.9)

where pod
(Qod) are the desired position (quaternion representing the ori-

entation) of the obje
t, while por
(Qor) is the obje
t position (quaternion)


omputed on the basis of dire
t kinemati
s of the arm/hand system, through

the planned joint positions obtained by solving the di�erential equation (5.6).

Figure 5.7 shows the pose error of the obje
t, whi
h 
an be 
omputed exploit-

ing (5.9) by substituting por
(Qor) with measured ones po (Qo); it 
ould be

re
ognized that along the y dire
tion there is a good tra
king of the planned
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position, while an error is observed along the 
ompliant dire
tions. Around

32s the obje
t intera
ts with a planar horizontal surfa
e: this explains the

large error at steady state. The same 
onsideration 
an be done for the orien-

tation error: the presen
e of the steady state error 
an be justi�ed 
onsidering

that the surfa
e is not either perfe
tly horizontal or planar.

24 26 28 30 32 34 36 38 40

−0.1

0

0.1

Position error

t[s]

m
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−0.2

0

0.2
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x y z

Figure 5.7: Time history of the obje
t pose error

In summary, the experimental 
ase study shows that exploiting the impedan
e

paradigm together with internal for
e 
ontrol allows to a
hieve a 
ompliant

behavior and, at the same time, a �rm grasp of the grabbed obje
t. It is

worth noting that the intera
tion has been done by a human operator push-

ing/pulling the obje
t and by hitting a planar surfa
e at the end of the

traje
tory: experimental results 
learly demonstrate that the obje
t is held

in any 
ase.



Con
lusions and future work

In this thesis, modeling and 
ontrol of multi-arm systems equipped with

roboti
 hands have been ta
kled. Kinemati
 and dynami
s model of su
h


omplex systems are not trivial matters, sin
e ea
h arm equipped with a

roboti
 hand is 
omposed of multiple inter
onne
ted kinemati
 
hains.

Cooperative arm/hand systems are often kinemati
ally redundant: in this

thesis a planner has been proposed to properly handle the redundan
y in su
h

a way to safely ful�ll multiple tasks. By exploiting null spa
e proje
tion te
h-

niques, several tasks, even 
on�i
ting, 
an be simultaneously a

omplished

with a 
ertain priority order. Me
hani
al and environmental 
onstraints have

been taken into a

ount via mathemati
al 
ost fun
tions: when one or more

task would bring the system 
lose to violate the 
onstraints, those tasks must

be disengaged and engaged again, if possible, when the system 
on�guration

is far enough from the 
riti
al ones. Suitable metri
s have been de�ned

in order to quantify the degree of intera
tion between tasks and 
onstraints.

Smooth transition of the 
ontrol variables has been guaranteed by using time

varying gains.

The approa
h dis
ussed above, even if 
apable to avoid 
onstraints viola-

tion, still needs the a priori knowledge of the whole environmental s
enario;

this means that the 
ontrol ar
hite
ture will not guarantee a safe behavior in

the 
ase of unexpe
ted 
ollision or intera
tion. To this aim, the impedan
e

paradigm has been exploited to safely handle intera
tion and 
ollisions. If



the 
omplian
e involves the whole arm/hand system, a good regulation of

internal for
es (i.e., those whi
h do not 
ontribute to the obje
t motion) is

required, in order to keep the obje
t still while the intera
tion takes pla
e. A


ontrol law has been proposed with the aim of regulating the internal for
es

to a desired 
onstant value, while the external one are 
ontrolled so as to

make the obje
t behave like a me
hani
al impedan
e.

A di�erent approa
h is that of separating the 
ontrol of the hand from

that of the arm: the strategy is that of regulating internal for
es only by

using the �ngers a
tuators, while full 
omplian
e is imposed to the arm.

In summary, redundan
y has been exploited only to ful�ll multiple tasks

by ful�lling environmental and me
hani
al 
onstraints. A further improve-

ment 
ould be that of a
hieving a 
ertain degree of fault toleran
e if some

a
tuator fun
tionality is lost.

Another important improvement would be that of merging the 
on
epts

of task sequen
ing and obje
t impedan
e: a planner, in 
harge of 
omputing

obje
t pose referen
es, 
an be designed at the highest hierar
hi
al level with

the aim of ensuring the desired behavior of the system.

In order to guarantee safe operation of the multi-arm system, in view of

tight human-robot 
ooperation, it would be useful to ensure the 
omplian
e

of the whole system, even in the absen
e of joint torque sensors.
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Appendix A

A.1 Time derivative of n

The linear velo
ity of the ith �ngertip with respe
t to the palm frame 
an

be expressed as follows (subs
ript i will be dropped for simpli
ity)

ṗf = GT
l υo,p +Ro

∂co

∂ξ
ξ̇ + (l −∆l)Ro

˙̂no −Ron̂
o∆l̇, (A.1)

where GT
l is the matrix 
omposed by the �rst three rows of GT

, υo,p is the

obje
t relative velo
ity with respe
t to the palm and

˙̂no(co(ξ)) is given by

˙̂no =
∂n̂o

∂co
∂co

∂ξ
ξ̇. (A.2)

Sin
e the time derivative of the unit normal ve
tor belongs to the tangent

plane of the obje
t at 
onta
t point, by proje
ting Equation (A.2) in su
h a

plane, a suitable expression for

˙̂n 
an be derived

˙̂n = Loυo +Lf ṗf , (A.3)
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with

An = I + (l −∆l)
∂n̂

∂c
, (A.4)

P t = I − n̂n̂T ,

Lf =
∂n̂

∂c
A−1

n P t, (A.5)

Lo =
[
Lf , S(n̂) +Lf ((l −∆l)S(n̂)− S(c))

]
. (A.6)

It 
an be noti
ed that matrix An is always full rank for 
onvex obje
ts

bounded by a smooth surfa
e. Let f(c) be the fun
tion des
ribing the surfa
e

of the obje
t, the normal at ea
h point of the frontier, 
an be written as

n̂ = ∂f

∂c , and thus the gradient in (A.4) 
an be rewritten as

∂n̂

∂c
= Hf(c),

with Hf(c) the hessian matrix of f(c). It is well known that for 
onvex

fun
tion, the hessian matrix is positive semi-de�nite whi
h, in turn, allows

us to state that An is always invertible for regular 
onvex surfa
es, sin
e it

is positive de�nite. Moreover, it 
ould be re
ognized that both Lo and Lf

are norm bounded, i.e.

‖Lo‖ ≤ ko, ko > 0, (A.7)

‖Lf‖ ≤ kn, kn > 0. (A.8)

A.2 System Equilibrium

System (3.22) under the 
ontrol law (3.21) 
an be des
ribed by the 
losed-

loop dynami
s

Mẍ+Cẋ = KP ∆x−KD ẋ+∆fn + kF ∆fn + kI

∫ t

0

∆fndζ. (A.9)
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At the equilibrium, i.e., ẍ = ẋ = 0, x = x∞, the following equality holds

KP (xd − x∞) + (1 + kF )(fd − fn∞
) + kI

∫ +∞

0

∆fndζ = 0. (A.10)

Proje
tion of (A.10) onto the tangent plane and along the normal unit ve
tor

leads to

(
I6 − nnT

)
KP (xd − x∞) = 0, (A.11)

nnT

(
KP (xd − x∞) + (1 + kF )

(
fd − fn∞

)
+ kI

∫ +∞

0

∆fndζ

)
= 0.

(A.12)

By virtue of the integral a
tion, whi
h gives ∆fn = fd − fn∞
= 0, and of

(3.28), it 
an be seen that nT (xd − x∞) = 0; Equation (A.11) ensures that

the tangential part of xd − x∞ is null and thus x∞ = xd. Moreover, from

(A.12) it 
an be noti
ed that

∫ ∞

0

∆fndζ = 0 as well.

A.3 Proof of inequality (A.22)

By 
onsidering the expression of s in Equation (3.30), the term s∞ is given

by

s∞ =

∫ +∞

0

(
∆fn −

k

ρ
ṅT∆x

)
dζ = −

∫ +∞

0

k

ρ
ṅT∆xdζ. (A.13)

Therefore, In be
omes

In =
k

ρ

∫ +∞

t

∆xTṅdζ, (A.14)

where ṅ =
[
˙̂nT 0T

]T
. From the assumption of quasi-stati
 manipulation,

i.e., υo = 0, the following equality follows

ṅ =

[
Lf ṗf

0

]
, (A.15)
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through whi
h it 
an be re
ognized that

‖ṅ‖ = ‖ ˙̂n‖ ≤ kn‖ṗf‖. (A.16)

Equation (A.16) allows to upper-bound In in the domain D as follows

In =
k

ρ

∫ +∞

t

∆xTṅdζ =
k

ρ

∫ +∞

t

zT
2 ṅdζ ≤

k

ρ

∫ +∞

t

‖z2‖h
T
6 ṅdζ

≤
k

ρ
Φ

∫ +∞

t

hT
3Lf ṗfdζ ≤

k

ρ
Φ ‖Lf‖

∫ +∞

t

hT
3 ṗfdζ ≤

k

ρ
knΦ‖z2‖.

(A.17)

where hα is a (α× 1) ve
tor of ones.

A.4 Proof of Theorem 1

Consider the 
andidate Lyapunov fun
tion

V =
1

2
zTPz, (A.18)

where P is a symmetri
 matrix

P =




M ρM 0

ρM ρKD +KP −kIn

0 −kIn
T ρ

kI
k


 , (A.19)

positive de�nite under the following 
ondition

ρλm(KD) + λm(KP ) > max

{
2ρ2λM(M)2

λm(M )
,
kIk

ρ

}
. (A.20)

Under 
ondition (A.20), the fun
tion V 
an be bounded as

1

2
λm(P )‖z‖2 ≤ V ≤

1

2
λM(P )‖z‖2, (A.21)

where, sin
e P is time varying, λm = min
t≥0

{λm(P (t))} and λM = max
t≥0

{λM(P (t))}.
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Consider the state-spa
e domain de�ned as D = {z : ‖z‖ < Φ}. It 
an

be re
ognized that the following inequality holds in the domain D:

In ≤
k

ρ
Φkn‖z2‖. (A.22)

Some details about inequality (A.22) are given in Appendix A.3.

The time derivative V̇ is given by

V̇ = zT

(
PA+

1

2
Ṗ

)
z + zTPb, (A.23)

where Ṗ 
an be 
omputed, by exploiting Property 2, as

Ṗ =




C +CT ρ
(
C +CT

)
0

ρ
(
C +CT

)
O −kIṅ

0 −kIṅ
T 0


 . (A.24)

After some algebrai
 steps, Equation (A.23) be
omes

V̇ = −zT
1 (KD − ρM )z1 − zT

2

(
ρ (KP + F )− kIknn

T +
kIk

ρ
nṅT

)
z2

−zT
1Fz2 + ρzT

2C
Tz1 + kIIn(z1 + ρz2)

Tn.

(A.25)

By exploiting Assumption 4 and Property 2, the time derivative V̇ 
an

be upper bounded as follows

V̇ ≤ − (λm(KD)− ρλM(M)− ρkcΦ) ‖z1‖
2+

− (ρλm(KP )− kIk − kIkΦkn) ‖z2‖
2+ (A.26)

+

(
k (1 + kf) + 2

kIk

ρ
knΦ

)
‖z1‖‖z2‖,

and rearranged in a suitable quadrati
 form

V̇ ≤ −
[
‖z1‖ ‖z2‖

]
Q

[
‖z1‖

‖z2‖

]
, (A.27)
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where Q is the (2× 2) matrix

Q =




λm(Kd)− ρλM(M)− ρkcΦ , −
1

2

(
k (1 + kf) + 2

kIk

ρ
knΦ

)

−
1

2

(
k (1 + kf) + 2

kIk

ρ
knΦ

)
, ρλm(Kp)− kIk(1 + Φkn)


 .

(A.28)

On the basis of (A.27) and (A.28), V̇ is negative semi-de�nite in the domain

D provided that Q is positive de�nite, i.e., if the following inequality holds

λm(Kd) ≥ ρλM(M) + ρkcΦ+max
{
0,

ϕ

4

}
, (A.29)

where

ϕ =

(
k (1 + kf) + 2

kIk

ρ
knΦ

)2 (
ρλm(KP )− kIk (1 + Φkn)

)−1

. (A.30)

Moreover, sin
e V is a non-in
reasing fun
tion along the system traje
tories,

the inequality (A.21) guarantees that all the traje
tories z(t) starting in the

domain

D0 =

{
z : ‖z(0)‖ < Φ

√
λm(P )

λm(P )

}
, (A.31)

remain in the domain D, ∀t > 0.

Finally, sin
e V̇ = 0 only if z1 = 0 and z2 = 0, by invoking the La

Salle's theorem [29℄, it 
an be re
ognized that, if z(0) ∈ D0, z1 and z2

asymptoti
ally 
onverge to 0 while z3 is only bounded.
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B.1 Expression of ∇rU(r)

Let ri be at least of 
lass C
1
, in view of the 
hosen surfa
e parametrization

ri = ri(ui, vi), the gradient of the s
alar fun
tion U 
an be expressed as

∇rU(r) =




fu1
û1 + fv1 v̂1

fu1
û2 + fv1 v̂2

· · ·

fuN
ûN + fvN v̂N



, (B.1)

where fui
and fvi are the so-
alled s
ale fa
tors.

From the total di�erential theorem it 
ould be re
ognized that

dU = ∇rU(r)Tdr, (B.2)

where the expression of dr 
an be 
omputed a

ording to the following equa-

tion

dr =
∂r

∂r1

(
∂r1

∂u1
du1 +

∂r1

∂v1
dv1

)
+

∂r

∂r2

(
∂r2

∂u2
du2 +

∂r2

∂v2
dv2

)
+ . . .+

+
∂r

∂rN

(
∂rN

∂uN

duN +
∂rN

∂vN
dvN

)
. (B.3)

By noting that

∂rh

∂rk

=

{
O3, if h 6= k

I3, if h = k
.
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(B.3) simpli�es in

dr =




∂r1

∂u1
du1 +

∂r1

∂v1
dv1

∂r2

∂u2
du2 +

∂r2

∂v2
dv2

· · ·
∂rN

∂uN

duN +
∂rN

∂vN
dvN




. (B.4)

By de�ning hui
=

∥∥∥∥
∂ri

∂ui

∥∥∥∥, hvi =

∥∥∥∥
∂ri

∂vi

∥∥∥∥, ûi =
∂ri/∂ui

‖∂ri/∂ui‖
and v̂i =

∂ri/∂vi
‖∂ri/∂vi‖

the di�erential dr 
an be further rewritten

dr =




hu1
û1du1 + hv1 v̂1dv1

hu2
û2du2 + hv2 v̂2dv2

· · ·

huN
ûNdu1 + hvN v̂NdvN



. (B.5)

On the basis of equation (B.1), (B.2) and (B.5) the total di�erential of U

be
omes

dU =
N∑

i=1

(fui
ûi + fvi v̂i)

T (hui
ûidui + hvi v̂idvi) =

=

N∑

i=1

(fui
hui

dui + fvihvidvi) , (B.6)

where the last equality 
omes from the following properties

ûT
i ûi = v̂T

i v̂i = 1

ûT
i v̂i = 0

.

The total di�erential of U 
an be alternatively 
omputed as

dU =
N∑

i=1

(
∂U

∂ui

dui +
∂U

∂vi
dvi

)
, (B.7)

hen
e, by 
omparing equations (B.6) and (B.7) it is possible to write the

s
ale fa
tors as fui
=

1

hui

∂U

∂ui

and fvi =
1

hvi

∂U

∂vi
.
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B.2 Proof of Theorem 2

Consider the manipulation system des
ribed by (2.39) under the 
ontrol law

(4.5), the 
losed loop system dynami
s, obtained by folding (4.5) in (2.39),

is given by

M dp̈+Kdṗ = Kpf (pfc + pf∇). (B.8)

The position of the ith �ngertip 
an be written as pi = po + ri and, by

di�erentiation, the �nger velo
ity 
an be expressed as ṗi = ṗo + ṙi. Suppose

quasi-stati
 manipulation during �ngers sliding, the ve
tor sta
king all �nger

velo
ities be
omes ṗ = ṙ. By 
hoosing the state z as

z =

[
z1

z2

]
=

[
r − r∗

k

ṙ

]
,

the 
losed loop system dynami
s in state spa
e form 
an written as

ż1 = z2

ż2 = M−1
d

(
−Kdz2 +Kpfpfc− (B.9)

−Kpfkf∇∇U(z1 + r∗
k)
)
.

Consider the following Lyapunov fun
tion

V =
1

2
zT
2K

−1
pf
M dz2 + kf∇U(z1 + r∗

k), (B.10)

the time derivative is given by

V̇ =−zT
2K

−1
pf
Kdz2 + zT

2 pfc − kf∇z
T
2∇U(z1 + r∗

k) +

+kf∇z
T
2∇U(z1 + r∗

k)=−zT
2Kdz2, (B.11)

in whi
h zT
2 pfc = 0, sin
e the �nger sliding velo
ities, z2, are orthogonal to

the ve
tor of normal for
e errors, pfc. From (B.11) it 
an be seen that V̇ is

negative semi-de�nite and V̇ = 0 for z2 = 03N .
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By invoking the Barbashin-Krasovskii-LaSalle theorem (see, e.g., Corol-

lary 4.1 in [29℄) the asymptoti
 stability of the origin z = 06N is guaranteed

if no solution 
an stay identi
ally in I = {z ∈ ℜ6N : V̇ = 0}, other than the

trivial solution z(t) = 06N .

Let z(t) be a solution belonging identi
ally to I, it 
an be re
ognized

from (B.11) that z2(t) = 03N , that implies ż2 = 03N and, from (B.9), pfc −

kf∇∇U(z1 + r∗
k) = 03N . Sin
e pfc and ∇U(z1 + r∗

k) are orthogonal ve
tors,

both of them must be null. Moreover, by the 
onvexity of U(r), ∇U(z1 +

r∗
k) = 03N implies that U(r) rea
hes a minimum for z1 = 03N . Hen
e

the only solution z(t) identi
ally in I is the trivial solution and it 
an be

re
ognized that z asymptoti
ally 
onverge to 06N . In 
on
lusion, the 
onta
t


on�guration r 
onverge to r∗
k ∈ S and this proves the theorem.
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C.1 Stability of internal motion

The law (5.7) 
ould be analyzed in two di�erent orthogonal domains, in the


artesian spa
e and in the null spa
e of J̄ . In Cartesian spa
e, the asymptoti



onvergen
e of ep, ev has been already proven [63℄. In internal motion joint

spa
e, a

ording to [28℄, 
onsider the following Lyapunov 
andidate fun
tion

Vo =
1

2
q̇T
0 q̇0, (C.1)

where q̇0 is the ve
tor of joint velo
ities, whi
h, in turn, 
an be 
omputed

as q̇0 = N(J̄)q̇; by taking the time derivative of q̇o it yields q̈0 = Ṅ(J̄)q̇ +

N(J̄)q̈. It is worth noti
ing that, sin
e q̈0 belong to the null spa
e of J̄ ,

then N(J̄)q̈0 = q̈0 = NṄ(J̄)q̇+N(J̄)q̈. The time derivative of V0 is given

by the following

V̇0 = q̇T
0 q̈0 = q̇T

0N(J̄)q̈ + q̇T
0NṄ(J̄)q̇, (C.2)

by re
alling (5.7) and after some 
omputation, (C.2) be
omes

V̇0 = −ks||q̇0||
2, ks > 0, (C.3)

whi
h is negative de�nite. Sin
e

V0 =
1

2
||q̇0||

2 ↔
1

2
||q̇0||

2 ≤ V0 ≤
1

2
||q̇0||

2

V̇0 = −ks||q̇0||
2

, (C.4)
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the equilibrium q̇0 = 0 is exponentially stable. By being V0 radially un-

bounded the result holds globally.
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